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L1 cam doan

Toi xin cam doan day la cong trinh nghién cttu cia riéng t6i, dudi su
huéng dan ctia cac thay trong Tap thé huéng dan khoa hoc. Cac két qua,
so lieu trong luan an 1a trung thuc va chua ting dude ai cong bo trén bat

ky cong trinh nao khac. Cac dit lieu tham khéo dugc trich dan day du.

Tac gia

Nguyén Van Hong
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L.OI CAM ON

Luan an nay dugc hoan thanh tai Truong Dai hoc Thing Long duéi
sy huéng dan tan tinh ctia PGS.TS. Pham Ngoc Anh (Hoc vién Cong
nghé Buu chinh Vién thong) va GS. TSKH. Lé Ding Muu (Dai hoc Thiang
Long). Tac gia xin bay t6 long biét on chan thanh va sau sic nhat t6i cac
thay.

Trong qua trinh nghién cttu sinh va hoan thanh luan an, théong qua cac
bai giang, hoi nghi va seminar hoc thuat, tac gia luén nhan duge sy quan
tam gitp do, va cac v kién dong géop Quy bau clia cic thay c¢o ¢ Vien Toan
hoc va Ung dung (TIMAS) - Truong Dai hoc Thiang Long. Tac gid xin
chan thanh cam on!

Tac gia xin tran trong cam on Ban giam hiéu Truong Dai hoc Thing
Long, Phong Sau dai hoc - Truong Dai hoc Thiang Long; Ban giam hiéu
Truong Dai hoc Hai Phong, Khoa Gido duc Tiéu hoc va Mam non thuoc
Truong Dai hoc Hai Phong, di tao moi diéu kién thuan loi cho tac gia
trong sudt thoi gian lam nghién ctu sinh.

Xin chan thanh cdm on cac anh/chi/em trong nhém nghién citu tai
phong Lab "Toan ting dung va Tinh toan" ciia Hoc vién Cong nghé Buu
chinh Vién thong va cac ban be dong nghiép da luon bén canh trao doi,
dong vién va giup do tac gia trong thoi gian dai hoc tap va nghién ctu.

Két qua nghién ctu méi clia luan an 1a moén qua tinh than, tac gid xin
dugc gii dén nhitng nguoi than yéu trong gia dinh minh. Nhitng ngudi
da luon dong vien, chia sé, gitip dd nghién citu sinh trong sudt qua trinh

nghién cttu va hoan thanh luan an.

Tac gia
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MG DAU

1. Lich s van dé va 1y do chon dé tai

Trai qua hon nita thé ky hinh thanh va phét trién, 1y thuyét bai toan
can bang da dan khang dinh dudc vai tro cling nhu st phat trién ctia minh
trong Ly thuyét to6i uu, Toan hoc tng dung va cac mo hinh thuyc té.

Cho H 1a mot khong gian Hilbert thyc, C' C H 1a 16i, déng, khac réng,
va mot song ham f : C x C — RU {400} sao cho f hitu han trén C va
thoa man f(z,x) = 0 (diéu kién can bang). Bai toan can bang xét trong

luan an c6 dang:
Tim z* € C sao cho f(z*,y) >0, VyeC. (1)

Bai toan nay duge ky hiéu bsi EP(C, f) va tap nghiém ctia né la S ).

Bai toan EP(C, f) da dugc cac tac gia Nikaido H. va Isoda K. trong [67]
gi6i thieu lan dau tien nam 1955 khi tong quat héa mo hinh can bing Nash
trong 1y thuyét tro choi khong hop tac. Trong [40], Fan K. goi bai toan
nay la bat dang thic minimax va thiét 1ap su ton tai nghiem ciia bai toan
dudi dieu kien 161, compact ctia tap C' va tya 16i cia f(z, ) v6i moi z € H.
Két qua nay ctia Fan K. duge mé rong bdi Brezis H. va dong nghiép trong
[23]. Nam 1992, cac tac gia Muu L.D. va Oettli W. [64] goi bai toan nay
12 bai toan can bang va dé xuat thuat toan ham phat tim nghiém ctia bai
toan can bang khi song ham f don diéu. Sau d6, nam 1994, cac tac gia
Blum E. va Oettli W. tiép tuc nghién citu vé bai todn can bang trong [22].
Sau khi nghién cttu ctia Blum E. va Oettli W. dugc cong bd, bai toan can
bang da thu hut sy chd ¥ clia rat nhiéu cdc nha nghién citu nhu Bigi G.
20], [21], liduka H. [46], Iusem A.N. [47], [50].
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Vé mat hinh thic, bai toan EP(C, f) ¢6 dang kha don gian nhung no
chita dung dugc nhiéu 16p bai toan quan trong thuodc nhiéu linh vuc khéc
nhau nhu: bai toan téi wu, bai toan diém yén ngua, bai toan bat dang thic
bién phan, bai toan diem bat dong, bai toan can bing Nash. Tit két qui
clia cac bai toan rieng 18 noéi trén, véi nhitng didu chinh phit hop ta c6 thé
md rong cho bai toan can bing tong quat. Diéu nay giai thich vi sao bai
toan can bang mac dit méi duge chi ¥ gan day nhung da c6 rat nhiéu cac
nha khoa hoc quan tam nghién cttu [21], [35], [50].

Bén canh bai toan can bang, mot 16p bai toan khac duge dé cap trong
luan 4n nay la bai toan diém bat dong. Ly thuyét diem bat dong da ra doi
khoadng mot thé ky va phat trién manh mé trong nhing thap ky gan day.
Su ra doi clia dinh 1y diém bat dong Brouwer (1912) va anh xa co Banach
(1922) da hinh thanh 2 huéng chinh ciia 1y thuyét diém bat dong: Sy ton
tai diem bat dong ctia anh xa lién tuc va sy ton tai diem bat dong ctia anh
xa co. Ly thuyét diem bat dong c6 nhiéu tng dung nhu: ching minh sy ton
tai nghiém ctia phuong trinh vi phan va phuong trinh tich phan (dinh 1y
Picard va dinh 1y Peano), chitng minh nguyén 1y bién phan Ekeland, chiing
minh su ton tai diém can bing trong mo6 hinh kinh té, su ton tai nghiem
toi uu ctia nhiéu bai toan trong ly thuyét t6i uwu... Nguyeén 1y anh xa co
Banach (1922) 1a két qua khdi dau cho ly thuyét diém bat dong dang co,
nhung phai dén nhing nim 60 ctia thé ky 20 mdi dude phét trién manh
mé. Ly thuyét nay cho phép ta xay dung thuat toan tim nghiém ciia bai
toan. Cac nha toan hoc da md rong Nguyeén 1y anh xa co Banach theo hai
huéng: Dua ra cac khai niém mdi, anh xa da tri va mé rong anh xa co dén
anh xa khong gian. Céc két qua tieu biéu c6 thé ké dén nhu: Cegielski A.,
Edelstein M., Boyd D., Meir A., Keeler E. cho anh xa don tri; Caristi C.,
Nadler S., Fan K, ...cho anh xa da tri.

Trong nhitng nam gan day, nhiéu nha nghién cttu da quan tam dén bai
toan tim nghiém ctia bai toan can bang trén tap nghiém clia bai todn can
bang khéc hodc tim nghiém clia bai toan can bing trén tap diém bat dong
chung ctia cac anh xa.

Cho S;: C — C (i € I € N) la 8;—ntta co. Bai toan can bang trén tap
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diém bat dong, viét tit FEP (Q, f), duge phat biéu nhu sau:
Tim z* € Q sao cho f(z*,y) >0, Wy e€Q, (2)

trong d6 Q = Nje; Fix(S;) va Fix(S;) .= {x € C : Si(x) = x}.

Cac huéng nghién citu dang duge chu trong hién nay doéi véi mot 16p Bai
toan (2) la: Nghién citu nhiing van dé dinh tinh nhu sy ton tai nghiém, cau
triic tap nghiém, tinh én dinh nghiém [19, 20, 21, 53, 63], nghién cttu dinh
lugng nhu phuong phap giai, tinh hoi tu cia day lap sinh béi cac thuat
toan [20, 25, 47, 52, 59, 68, 69, 71|, huéng nghién citu ting dung bai toan
nay vao trong thuc té&, dic biét vao cac mo hinh kinh té [10, 16, 50, 65, 66].
Trong viéc nghién cu nhitng van dé nay, cic phuong phap gidi déng mot
vai tro rat quan trong. Dén nay da c6 mot s6 két qua dat dude cho mot s6
16p bai toan can bang trén tap diem bat dong véi cac gia thiét don dieu
manh vi lién tuc Lipschitz, trong dé cht yéu sit dung phuong phéap diem
gan ké, phuong phap nguyén 1y bai toan phu, phuong phap hiéu chinh
Tikhonov va phuong phap ham khodng cach. Céc li do chinh dan dén viec
nghién cttu bai toan nay trude hét 1a do pham vi ting dung rong rai ctia bai
toan can bing va bai toan diem bat dong, dan dén nhiéu van dé thuc té c6
the mo ta dusi dang bai toan nay. Li do thit hai & bai toan can bang ciing
nhu bai toan diém bat dong thusng cé nhicéu nghiem, do d6 céc bai toan
nay thuoc 16p cac bai toan dit khong chinh theo nghia nhiing sai s6 nhé
ciia dit lieu c6 thé dan dén su sai khac nhiéu cta 16i gidi. Bing cach tiép
can bai toan hai cap FEP (Q, f) v6i nhiing diéu kién thong thudng nhu f
don diéu manh, vi du f(z,y) = ||y — z|]* va tap Q 16i dong, cic anh xa S,
c6 tinh chat co suy rong hodc khong gidn suy rong, bai toan nay luon ton
tai va duy nhat nghiém. Hon nita trong nhiéu truong hop ting dung, nguoi
ta mudn tim mot diem bat dong chung gan véi mot nghiem da duge du
doan hay mot nghiém mong mudén. Ngoai ra, mot s6 van dé han ché véi
cac thuat toan hién nay dé giai Bai toan (2):

- Thit nhat la, cac thuat toan dé xuat chua thuc sy dugde gidi mot cach
hitu hiéu trén may tinh. Chéng han nhu, tai méi budc lip ctia thuat toan

hiéu chinh, can phai tim mot nghiém chinh xac clia mot bai toan can bang



phu.

- Thit hai la, mot s6 thuat toan da duge dé xuat khi mién rang buoc €
la tap diém bat dong clia mot anh xa. Tuy nhién, mién rang buoc la giao
ctia mot ho cac tap diem bat dong clia cac anh xa gia co chit van la mot
huéng nghién cttu md.

- That ba la, su hoi tu clia cac thuat toan dé xuat van doi héi gia thiét kha
chat trén song ham f nhu don diéu manh, hoi tu theo day,. ..

Nhan ra tam quan trong va sy can thiét clia viéc nghién citu cic thuat
giadi hitu hiéu trén may tinh, c¢6 ting dung trong cadc mo hinh thuc tién,
luan an "Mot s6 phuong phéap giai bai toan can bang trén tap diém bat
dong" dé xuat cac thuat toan mdi, ing dung tinh toan trén phan mém
MATLAB véi cac s6 lieu cu thé. Néi tiép nhitng két qua nghien ctu da
c6 trong nuée va trén thé gidi vé cac phuong phap giai bai toan can bang
néi chung va phuong phap giai bai toan can bang trén tap diém bat dong
noi rieng, bang viéc sit dung céc cong cu va cac ki thuat trong téi wu va
giai tich, mot mat ching toi nghién citu dé xuat thuat toan mdi, mat khac
nghién cu cai tién cac phuong phap da cé véi cac gid thiét don gian hon
trén song ham cua tap rang budc.

Noi dung ctia luan an dudc trinh bay trong ba chuong, cac két qua chinh
ctia luan an duge viét § cac chuong 2 va chuong 3.

Chuong 1. Mot s6 kién thiic co ban vé bai toan can bang va diém bat
dong. Chuong nay cung cap nhitng van dé co ban nhat vé bai toan can
biang, bai toan can bing trén tap diéem bat dong. Cu thé, ching t6i nhéc
lai mot s6 khai niém can thiét vé giai tich ham trong khong gian Hilbert
va gidi tich 16i nhu khai niém tap 10i, ham 16i, anh xa co, anh xa khong
gian, phép chiéu len tap 16i déng khac réng, phép chiéu xap xi. Nhic lai
mot s6 diéu kién co ban vé sy ton tai nghiém va tinh duy nhat nghiém ctia
bai todn can bang, bai toan can bang trén tap diem bat dong va mot sd
phuong phéap giai thong dung.

Chuong 2. Cac phuong phap chiéu mé rong. Noi dung ctia chuong dugc
viét dya trén bai bao [CT1], [CT4] trong danh muc cong trinh khoa hoc

clia tac gia lien quan dén Luan an. Tha nhat, bang cach phat trién phuong
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phap dudi dao ham xap xi clia Santos P. [73] va ki thuat hudng giam lai
ghép clia Yamada I. [83] ching to6i dé xudt mot phuong phép chiéu méi
giai bai toan can bing trén tap diém bat dong. Thi hai, ching toi két hop
ky thuat song song vé6i ki thuat lap diém cd dinh ctia Mann W.R. [58] dé
xay dung lude do dudi dao ham song song. St md rong clia thuat toan thi
nhat dugc trinh bay trong thuat toan chiéu dao ham tang cuong song song
& cudi chuong. Sy hoi tu manh ciia cac thuat toan dudge ching minh trong
khong gian Hilbert thuc H. Thuat toan duge ap dung vao viéc tinh toan
trén mot s6 vi du minh hoa. Két qua tinh toan so sanh véi cac thuat toan
khac cho thay thuat toan duge dé xuat ¢ day hiéu qud véi 16p mo hinh
nhat dinh.

Chuong 3. Phuong phap dudi dao ham quan tinh. Chuong nay trinh
bay hai thuat toan lip mdéi giai bai toan FEP(Q, f) trén tap rang budc
la giao clia céc tap diém bat dong ctia anh xa nita co trong khong gian
Hilbert H. Thuat toin tht nhat 1a sy két hop clia phuong phap huéng
gidm lai ghép, k¥ thuat dudi dao ham vdéi gia thiét song ham f 14 don dieu
manh va lién tuc kiéu Lipschitz. Thuat toan thi hai 1a su két hgp gitta ki
thuat ngoai suy quan tinh, phép chiéu song song va nguyén ly bai toan
phu giai bai toan can bang. Sy hoi tu manh ciia cac diy lap sinh béi thuat
toan dudc ching minh dudi céc gia thiét tieu chuan ctia song ham f va bo
tham s6 dieu chinh dugc Iya chon phit hop. Chuong nay dugce viét chi yéu
dua trén hai bai béo [CT2], [CT3].

2. Muc tiéu nghién ciu
Trong luan an nay, ching toi tap trung nghién citu cac van dé sau
day vé bai toan can bang trén tap diem bat dong:
(i) Nghien cttu dé xuat thuat toan chiéu méi giai bai toan can bang trén
tap diém bat dong;
(ii) Nghién ctu cai bién phuong phap duéi dao ham quan tinh; nguyén ly

bai toan phu quan tinh song song;
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(iii) Nghién cttu dé xuat phuong phap chiéu xap xi song song gii bai toan
can bang trén giao clia tap nghiém mot ho céc bai toan diém bat dong
va bai toan can bang;

(iv) Tinh toan ttng dung véi cac vi du cu thé trong khong gian vo han, hitu
han chiéu, so sanh v6i mot s6 thuat toan da dude cong bd ciia cac tac

gia khac.

3. D6i tugng va pham vi nghién citu

V6i cac muc tiéu dat ra nhu trén, trong luan an nay chiing t6i nghién
citu cac noi dung sau vé bai toan can bang trén tap diem bat dong:

No6i dung 1.
Nghién cttu dé xuat cac thuat toin mdéi gidi bai toan can bang trén
giao clia tap nghiem mot ho céc bai toan diém bat dong;
No6i dung 2.
Nghién citu dé xuat thuat toin mdi giai bai toan can bang trén giao
clia tap nghiem mot ho cac bai toan diém bat dong va bai toan can
bang;
Noi dung 3.

Nghién cttu st hoi tu manh ciia cidc thuat toan dé xuat trong khong

gian Hilbert H.

4. Phuong phap nghién ctu

Xuat phat tit muc tiéu nghién ctu clia luan an, cic phuong phap

nghién citu duge st dung nhu sau:

(i) Xay dyng va chiing minh sy hoi tu manh ctia cic thuat toan dé xuat,
chiing t6i stt dung céc ki thuat trong t6i wu dé gidi bai todn can bang

nhu: phuong phap chiéu song song, phuong phap dudi dao ham song



7
song, phuong phap dudi dao ham lai héa quan tinh, lap quan tinh, k¥
thuat chiéu-lip Halpern va mot s6 ki thuat khac.

(i) Két hgp mot s6 phuong phéap t6i uu thong dung da dung cho bai toan
t6i wu, bai toan bi, bai toan bat ding thic bién phan nhu phuong
phap diém gan ké, phuong phép dudi dao ham, phuong phéap chiéu
xap xi va cac phuong phap lap diém bat dong.

5. Két qua cua luan an

Véi cac muc tieu dat ra nhu trén, luan an da dat dugce cac két qua
sau:

(i) Dé xuat hai thuat toan mdi gidi bai toan can bang trén tap diém bat
dong trong khong gian Hilbert thuc H vé6i gia thiét song ham f 1a don
dieu manh va c6 tap dudi vi phan xap xi 1a lien tuc Lipschitz trén tap
C'. Thuat toan dau xuat phat tu ¥ tudng ciia phuong phap dao ham
tang cudng gidi bai toan can bang va bai toan diém bat dong [5], k¥
thuat chiéu song song trong [9] ctia tac gia Anh P.N. va ky thuat chiéu
duéi dao ham cta Strodiot J.J., Hai T.N. [44, 78]. Thuat toan thi hai
1a két hop ki thuat song song va k¥ thuat lip diém cb dinh ctia Mann
W.R. [58] dé xay dung lugc do dudi dao ham song song gidi bai toan
dang xét khi C' = H. Su hoi tu manh ctia cac thuat toan duge ching
minh trong cac Dinh 1y 2.2 va 2.3; Két qua nay dugc cong bd trong
[CT1], [CT4] Danh muc cong trinh khoa da cong bo.

(i) Dé xuat hai thuat toan ldp mdi giai bai toan can bang trén tap rang
budc 1a giao clia cac tap diém bat dong cia anh xa nita co trong khéng
gian Hilbert. Thuat toan dau tién st dung phuong phap huéng gidm
lai ghép, phuong phap dudi dao ham gidi bai toan can bang va k¥
thuat lip tim diém bat dong ctia anh xa khong gian. Thuat toan thi
hai dua trén cac ky thuat ngoai suy quan tinh, chiéu song song va
nguyén 1y bai toan phu dé giai bai toan can bang. Sy hoi tu ciia céc

day lap sinh bdéi hai thuat toan duéi cac gid thiét song ham f 1a don
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diéu manh (gia don diéu manh) va lién tuc kiéu Lipschitz trén H dudc
chiing minh trong cac Dinh 1y 3.1, 3.2. Két qua nay dugc cong bd
trong [CT2], [CT3] é Danh muc cong trinh khoa da cong bb.

(iii) Thuc hién cic tinh toan s6 trong khong gian vo han, hitu han chiéu dé
minh hoa cho cac buée tinh toan trong cac thuat toan va sy hoi tu cua
cac day lap sinh béi thuat todn. So sanh thuat toin dé xuat véi mot
sO thuat toan clia cac tac gia khac da dude cong bo. Cac tinh toan
duge thuc hien b6i "MATLAB R2016a running on a PC with Intel(R)
Core(TM) i9-9900KS CPU @ 4.00GHz 32.0 GB Ram".

Cac két qua chinh ctia luan an dudc viét dua trén 04 bai bao, trong dé
01 bai xuat ban trén tap chi SCI, 02 bai xuat ban trén tap chi SCIE va 01
bai da gti dang tai tap chi SCIE. Cac két qua chinh ctia luan an da dugc
bao cao tai:

e Hoi thdo: "Nhitng huéng mdéi trong téi vu tinh toan va ting dung"

(26/12 - 27/12, 2021) tai Vién nghién cttu cao cap ve Toan.

e Hoi nghi quc té "The International Symposium on Applied Science
(ISAS 2022) (14/10 - 16/10, 2022)" tai Dai hoc Bach khoa thanh pho
Ho Chi Minh.

e Hoi thao "Tdi uu va Tinh todn Khoa hoc" lan thi 21 (20/4 - 22/4,
2023) tai Ba Vi,

e Hoi nghi "Toan hoc toan quoc lan thi X (VMC 2023) (8/8 - 12/8,
2023)" tai Dai hoc Su pham - Dai hoc Da Néng.

e Seminar tai phong Lab "Toan Ung dung vd Tinh toan" ciia Hoc vien

Cong nghé Buu chinh Vién thong.

6. Bo cuc cua luan an

Ngoai phan md dau, két luan, danh muc cac cong trinh khoa hoc ctia
tac gia lien quan dén luan an va danh muc tai lieu tham khio, luan an

gom 3 chuong:
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Chuong 1. Mot s6 kién thitc co ban vé bai toan can bang va diém bat

dong
Chuong 2. Cac phuong phap chiéu mé rong

Chuong 3. Phuong phap duéi dao ham quan tinh
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Chuong 1

Mot sb6 kién thitc cd ban vé bai toan

can bang va diém bat dong

Chuong nay chita cac kién thiic bo trg cho cac chuong sau va duge
trinh bay thanh ba phan chinh. Phan dau tién nhic lai nhitng khai niem
can thiét vé Giai tich ham, Giai tich 16i c¢6 lien quan dén luan an. Phan
thtt hai gi6i thiéu vé bai toan can bing, cac truong hop riéng clia né ciing
mot so dieu kién vé sy ton tai nghiém clia bai toan can bang. Phan cudi
ctia chuong trinh bay vé bai toan can bang trén tap diém bat dong va mot
s6 phuong phéap giai thong dung. Noi dung chuong dudc viét dura trén cac
tai lieu [24, 53], [36] — [40] trong Danh muc tai ligu tham khao.

1.1 Khong gian Hilbert

Xét mot khong gian Hilbert thyc H véi tich vo huéng (-,-) va chuan
tuong tng duge xac dinh béi ||ul| = /(u,u) v6i moi v € H. Mot day
{u*} C H dudc goi 1a hoi tu manh t6i v* € H néu ||u* — u*|| — 0 khi
k — +oo. Mot day {uk} C H dugdc goi 1a hoi tu yéu téi u* € H néu
(u, u* —u*) — 0 khi k — +o0, v6i moi u € H. Ta da biét, mot day hoi tu
manh thi hoi tu yéu, nhung dicu ngugc lai khong dang. Tuy nhién, theo
[17], néu day {u*} hoi tu yéu dén u* v c6 ||u”|| hoi tu t6i ||u*|| thi day

{uk} hoi tu manh dén u*.

Bo dé 1.1. [24, Lemma 2.1] Vdi moi u,v € H,oo € R, ta 6
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(i) flw = ol* = flul® = [lo]* = 2 (u = v, ).
(1) flu+vl* = flul]® + 2(u, v) + [|v]|*.
(iii) |lu+ v[]? < ||Jul|? + 2{v,u + v).
(iv)

Dinh nghia 1.1. [76] Cho hai diém a,b € H.

2 2 2 2
V) [lau+ (1 =a)o||” = afjul|” + (1 =) [o|" —a (1l = a) lu = v "

(i) Mot duong thang di qua a va b la tdp hop cé dang
{reH:z=aa+pba,feER a+p=1}.
(i) Mot doan thdng noi hai diém a,b la tap hop cé dang
{reH:z=aa+pb,a>0,>0,aa+p=1}.

Dinh nghia 1.2. [76] Cho C la mot tap con cia mot khong gian Hilbert
thuc H. Kht do, tap C duoc got la

(i) Tap affine néuVz,y € C,Va € R:
ar+ (1 —a)y € C.
(it) Tap loi, néuVz,y € C,Va € [0,1]:
ar+ (1 —a)y € C.
(iii) Tap dong, néu vdi moi day {z*} C C: {2* — 2} = {z € C}.
(iv) Tap déng yéu, néu vdi moi diy {z*} C C: {a* — 2} = {x € C}.

(v) Tap compact, néu vdi moi day {x*} C C' deéu c6 mot day con hoi tu vé

mot phan ti thuoc C.

vi) Tap compact yéu, néu véi moi day {x*Y C C déu cé6 mot day con hoi
14 p yeu, Y )

tu yéu vé mot phan tii thuoc C.

Dinh nghia 1.3. [76] Ta néi x la t6 hgp 10i clia cdc vecto x1,x9, - - , Ty,
néu

k k
CU:ZO%%',O% >0, (i=1,--- ,k’),Zai = 1.
i=1

1=1
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Ménh dé 1.1. [2, Meénh dé 1.1]Tap C la loi khi va chi khi né chita moi
to hop 10i ciia cic diém cia no. Tuc la, C 10 khi va chi khi

o0

k
Va; >0, (1=1,--- ,k),Zai:L:I:l,xg,--- ,xkECéz:aixiEC’.

1=1 1=1

Dinh nghia 1.4. [76] Cho vecto 0 # a € H va a € R. Tap
{z:{a,x) > a}

duge goi la nita khong gian déong va tap
{z:{a,z) > a}

goi la nita khong gian ma.

Dinh nghia 1.5. /2] Gi4 st C 1a tap con, 161, dong khac rong trong khong
gian H va z¥ € C. Khi dé tap

Ne(x") ={weH: (w,z—2") <0, VzeC} (1.1)

dugc goi 1a non phdp tuyén ngoai cia C tai 2° va tap —Ne(2¥) duge goi
1& non phdp tuyén trong ctia C tai 2°.
Tap
Ny ={weH: (w,xz—2") <e VzeO}

dude goi 1a non phdp tuyén xap i ngoai ciia C' tai 2.

Dinh nghia 1.6. [19/ Cho C la tap con, 16i, déong khéc rong trong khong
gian H. Ham f : C — R U {+oo} dudc goi la ham chinh thuong trén C,
néu

domf={xeC: f(zr)<+4o0}#0, VzeCl.
Dinh nghia 1.7. [76]/ Cho C 13 mot tap con 16i, déng, khac rong ctia H.
Ham ¢ : C — RU {400} dugc goi la

(i) Loi manh trén C véi hang s6 7 > 0, néu

Sloz -+ (1 - a)y) < ad(w) + (1 - a)o(y) — 5a(l - )7~y

Va,y € C,a € [0,1].
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(ii) Loi chdt trén C|, néu

dlax+(1—a)y) < ap(x)+ (1 —a)p(y), Vr,y e C,x#y,ac (0,1).
(iii) Loi trén C, néu

dlaz + (1 —a)y) < ag(z) + (1 —a)o(y), Vao,yeC acl0l]
(iv) Twa loi tréen C, néu
¢(az + (1 —a)y) < max{¢(x), ¢(y)}, Vr,ye C.ae0,1].
T dinh nghia trén ta thay (i) = (i1) = (ii1) = (iv).

Dinh nghia 1.8. [76] Vecto w € H dudc goi 1a dudi dgo ham cia ham f
tai x € C, néu

fy) > (w,y—z)+ f(x), VyeC.

Tap tat ca cac dudi dao ham ciia ham f tai  dugde goi 1a dudi vi phan clia
f tai z, ky hieu la 9f(x). Ham f dugc goi 1a khd dudi vi phdan tai x néu
df(x) # 0; kha dudi vi phan tren C' C H néu df (z) # @ véi moi z € C.

Vi du 1.1. Cho C 1a mot tap con 16i, déng, khac rdng trong H. Xét ham
chi trén C
0 khi 20 € C,

+oo  khia' ¢ C.

50(%0) =

Khi dé,

950 (2°) = Ne(29), va'eC.

Duéi vi phan la mot khai niém mé rong cia dao ham trong trucsng hop
ham khong kha vi. Trong trudng hop df(z%) chi gom duy nhat mot diém
thi f kha vi tai 2°.

Dinh nghia 1.9. [2/ Cho € > 0. Mot vecto w € H duge goi 1a mot e- dudi
dao ham ctia f: C — R tai 2° € C, néu

(w,z — 2% < f(z) — f(2°) +¢, Vel
Tap hop téat ci cac e- dudi dao ham ctia ham f tai 2° € C dudc goi 1a e-
duéi vi phan ctia ham f tai 2°, ki hiéu 1a

Of(a’) :={wecH: (w,z—2°) < f(zx) - f(a)+¢, VaeC}
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Dinh nghia 1.10. /2/ Cho C C H la 16i, dong, khac rong, f: C' — R la
16i va € > 0. Xét bai toan:
min f(x). (1.2)
zeC
Mot diem 2* € C' dude goi 1a e—nghiém ctia bai toan (1.2) néu:
f@*) < f(x)+e¢€, Vel
Dinh nghia 1.11. [76]/ Ham s6 g : H — R U {400} dugc goi la
(i) Nia lién tuc dudi tai T, néu
V{z"} CH: 2 - 7 = liminf g(2"* ) > g(z),
k—+o0
ntta lien tuc dudi trén H néu né nita lien tuc dudi tai moi z trong H.

(ii) Nia lién tuc trén tai T, néu

V{xk} CH: 2" -z = limsupg(z" ) < g(7),

k—+o00 N

ntta lien tuc trén trén H néu né nia lién tuc trén tai moi Z trong H.

(iii) Lién tuc tai T, néu n6 vita nia lien tuc dudi vira nita lien tuc trén tai

7, lien tuc trén H néu noé lién tuc tai moi z trong H.
(iv) Lién tuc yéu theo diy néu

V{zF} cH: 2 =7z = lim g(z") = ¢(z).

k——+o00

Dinh nghia 1.12. [18/ Cho C 1a mot tap con 161, déng, khac rong ctia H.
Anh xa T : C'— H dugc goi la

(i) Don diéu manh tréen C v6i hang s6 7 > 0, néu
(T(z) —T(y),z —y) > 7|z —y||>, Va,yeC.
(i) Don diéu chat trén C, néu
(T'(x) —T(y),x —y) >0, Vr,yeC,x#y.
(iii) Don diéu trén C, néu

(T(x) = T(y),z—y) >0, Vr,yeC.
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(iv) Gid don diéu tren C, néu

(T'(y),z—y) 20= (T(x),z—y) 20, Va,yeCl.
(vii) Twa don diéu tréen C, néu

(T(y),z—y)>0= (T(x),zr—y) >0, Vr,yeC.

Dinh nghia 1.13. /1] Cho C la mot tap con 161, déng, khac réng ctia H.
Mot anh xa S : C — C dugce goi la:

(i) Nita co v6i hdang s6 d, viét tat d—nta co, néu Fiz(S) # () va ton tai
d € 10,1) sao cho

1S(x) — 2*|)? < ||z — 2*||* + d||lz — S(z)||>, Vx € C 2" € Fiz(S).
(ii) Twa khong gidn, néu Fiz(S) # 0 va
|1S(x) — 2| < ||z — 2|, VzeC " e Fix(S).
(iii) Nita doéng tai 0, néu v6i mdi {z*} C C, thi
{a" = 3,||S(a") — 2F|| = 0} = {S(&) = &}

Pinh nghia 1.14. /1] Cho C 1a mot tap con khéc rong ctia H. Anh xa
F : C — H ducc goi 1a ¢id co chat néu ton tai hing s6 L > 0 sao cho:

1F(z) = F()I* < lle =yl + LI(I = F)a = (I = F)y|I*, Va,y €C,

trong d6 I 1a anh xa dong nhat. Khi L = 0, ' dugc goi 1a anh xa khong
gian trén C. Nhu vay, 16p anh xa gia co chat chita 16p cac anh xa khong
gian.

Anh xa F dugc goi 1 tua gid co chdt néu ton tai L € [0,1) sao cho

1F(z) = pl* < llo = pl* + Lllz = F(2)|*, Vo€ C,p € Fia(F).

Vi du 1.2. Cho tap C' = [-9,3] va anh xa F' : C — C dugc dinh nghia
nhu sau:

T néu z € [—9,0),
F(x) =
—3x néu z €|0,3].
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Ta thay, v6i moi z,y € [-9,0)

IF(z) = F(y)I* = |z — yI*,

I(I = Fla— (I = F)yl* =|(z—2)— (y—y)|* =0,
1
|F(z) = FWII < |z =y + 51T = Flo = (I = Pyl
Véi moi x,y € [0, 3] ta c6

[F(x

(I = F)z —

) = F)lI” =91z -y,
(I = Fyl® = (= + 32) — (y + 3y)|* = 16|z — y*,
IF(z) = F(I* = |z — y|* + %H(I — F)z — (I - Fyl*
Véi moi x € [—9,0) vay € [0, 3], ta co
1F(z) = F(y)lI* = |2 + 3yl* = 2” + 6wy + 9y
I = F)z = (I = F)yl* =|(x —2) = (y + 3y)|* = 16°.
Khi do,
o~y + ST~ Fa— (I~ F)y|P = 22— 2y + 957

= 2?2 + 6xy + 9y* — Sy

= (z + 3y)* — 8xy

= |F(z) - F(y)]” - 8ay
> |F(x) = F(y)l,
do do,

1F(z) = F)II* < llo = yl* + %H([ — F)z — (I - Fy|*.

Vay F' la anh xa %— gia co chat. Tuy nhién, F' khong phai la anh xa khong
gian tren Cvivéiz = 1 € C,y = 0 € C, ta c6: ||F(z) — F(y)|* =
Na —yl> =9> 1=z —yl*
Dinh nghia 1.15. Cho day anh xa {S;} sao cho Fiz(S;) # 0, Vi € I =
{1,2,---}. Khi do, {S;} dugc goi 1a théa man diéu kién (Z) néu moi day
{z'} bat k¥, bi chin trong H ma
lim ||2’ — S;z'|| = 0,
i—00

thi moi diém tu yéu ctia day {z'} nam trong Q = (.., Fix(S;).

i€l
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Pinh nghia 1.16. Cho 7 : H — 2% 13 mot anh xa da tri. T dugc goi 1a
(i) e—lién tuc Lipschitz trén C' v6i hang s6 L > 0 néu
p(T(x),T(y)) < Lz =yl +¢ Ve,yed

§ day, p la khodng cach Hausdorff gitta 2 tap T'(x) va T(y). Ta nhic

lai khai niém khoang cach Hausdorff ciia hai tap A, B dugc xac dinh

bai:

p(A, B) :== max{d(A, B),d(B, A)},
v6i d(A, B) :=sup inf ||a — b||,d(B, A) := sup inf ||a — b]|.
acA beB peB acA

Néu L € (0,1), &nh xa T" dugc goi 1a e—co véi hang sd L trén C'.

(ii) B—don diéu manh trén C néu
(W — wy, ® —y) > Bl —yl*>, Va,y € C, w, € T(z), w, € T(y).

Dinh nghia 1.17. /20] Cho f : C x C — R la song ham can bang, ttc
la f(x,z) = 0 v6i moi x € C. Khi d6, e—dudi vi phan chéo 05f(x,x) tai
x € C duge xac dinh béi

ﬁéf(x,as) :{weH: f(x,y)—f(a:,x)2<w,y—3:>—e, Vyec}
={weH: f(z,y)+e>(wy—z), YyeClh

Dinh nghia 1.18. /20, 53/ Cho f : C' x C — R la song ham can bang,
tic 1a f(z,x) =0 v6i moi x € C. Khi d6, f duge goi la:

(i) Don diéu manh trén C' v6i hang s6 § > 0, viét tat 1a (f— don dieu

manh), néu
fl@,y) + fly,2) < =Bllz —y||*>, Va,y € C.
(ii) Don diéu chat trén C, néu
flx,y)+ f(y,x) <0, Vzx,yeC.
(i) Don diéu trén C, néu

flz,y)+ fly,z) <0, Vz,yeC.
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(iv) Gid don diéu tren C, néu
f(@,y) 20= f(y,2) <0, Vr,yel

(v) Théa mdan dieu kién kiéu Lipschitz trén C, néu ton tai cac hing sb

duong ¢, co sao cho
fl@y) + f(y,2) > fla,2) —allr =yl = ally —2|° Vr,yeC.

Phép chiéu lén méot tap 16i déng [18] Cho C la mot tap con 16i,
déng, khac rong ctia H. V6i mdi phan tit @ € H, phép chiéu ctia x trén C,
1a mot diem thuoce C' va gan diém x nhat, dude xac dinh dudi dang

Pre(z) = argmin {|ly —z|*: y e C}.
Khi do,
|z — Pre(z)|| < |lv—yll, VoeM,VyeC.
T = Preo(z) khi va chi khi z € C' théa mén
(x—z,z—y) >0, VyeC.
Véi € > 0, w, € C dudc goi 1 e—phép chiéu ctia x € H trén C, néu
2

(x — Wy, wy —y) > _EZ’ Vy e C. (1.3)

Tap tat ca cac e—phép chiéu ctia x trén C ky hiéu la Prg(x).
Tt dinh nghia trén, dé dang thay Pré(z) 1a mot e—phép chiéu trén C

v6i moi € > 0, tua khong gian trén H va

|wy —wy|| < |z =yl +€ Vr,yeH w, € Pro(z),w, € Pre(y).
Cha y 1.1. Vdi méi x,y € H, cdc khang dinh sau la ding

lwe —wy||* < llo = yl* + €, Vw, € Pri(a),w, € Pri(y).  (14)

That vay, trong (1.3), thay thé y béi w, € Pri(y) C C ta ¢

€
(T — Wy, Wy — wy) > T

Tuong tu, ta co
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Cong vé vé cac bat dang thiic trén, ta thu duge

62

(y — wy — & + Wy, wy — wy) 2—5.

Diéu nay nghia 1a

62

|w, — wa2 <(w, — Wy, T — y) + 9
2

€
<llwe —wyll lle =yl +

62

1 1
<slhwe = w P+ Slla =yl + 5

Nhu vay, (1.4) ding,.

Meénh dé 1.2. [18, Proposition 4.8] Xét C' la mot tdp 1oi, déng, khdc rong
cua H. Khi do,

(i) Vo € H, Prc(x) luon ton tai va duy nhat.

(ii) (x — Pre(z),y — Pre(z)) <0, Vye C,z e H.
(iii) ||Pre(z) — Pre(y)|l®* < (Pre(z) — Pre(y),z —y), Vr,y € H.
(iv) |1Pre(z) = Pre)l < lz —yl,  Vr,y € H.

(V) lo = Pro(@)|* < llo =yl = ly — Pre(@)|?, Vo €H,y € C.

1.2 Bai toan can bang

1.2.1 Bai toan can biang vA moét sd bai toan lién quan

Cho C 1a mot tap con 161, déng, khac rdng ctia H. Song ham f : HxH —
RU{+o0} théa man f(z,y) < +oo v6i moi x,y € C. Gia thiét f(z,z) =0,
Vx € C thuong dude goi la dieu kién can bang. Khi d6, bai toan can biang
duge phat biéu nhu sau:

Tim z* € C sao cho f(z*,y) >0, VyeC.

Bai toan nay dugce ky hi¢u bsi EP(C, f) va tap nghiém ctia n6 la S ).
Bai toan can bang déi ngau EPY(C, f):

Bai toan can bang EP(C, f) ¢6 mo6i quan he chiit ché véi bai toan d6i ngau
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(hay 1a bai toan can bing Minty) ctia né, ky hieu EPY(C, f).

Bai toan dbi ngu ciia bai toan can bang dudc phat biéu nhu sau:
Tim z* € C sao cho f(y,z") <0, VyeC.

Ky hi¢u tap nghiém ctia bai toan EPY(C, f) 1a SEZC It
Bai toan t6i vu OP(C, h):
Cho h: C — R. Tim z* € C trén sao cho

h(z*) < h(z), Vzrel.

h(y) — h(x) néuz,ye C,
flz,y) = )
+0o0 néu x ¢ C hoac y ¢ C.

Khi do, bai toan OP(C, h) duge viét dudi dang bai toan EP(C, f).

Bai toan bat dang thiic bién phan VI(C, F):

Cho C la mot tap con 161, déng, khac rong ctia H, F' : C — H. Bai toan
VI(C, F) dugc phat biéu nhu sau:

Tim z* € C sao cho (F(z*),x —2*) >0, VxeC.

(F(z),y —x) neuw,ye€C,
flz,y) = )
—1 néu x ¢ C hoacy ¢ C.

khi d6, bai toan VI(C, F') va bai toan EP(C, f) la tuong duong nhau.
Bai toan bat dang thitc bién phan da tri MVI(C, F): Cho anh
xa da tri F': C — 2% c6 tap gié tri 101, compact, khac réng. Bai toan bat
dang thic bién phan da tri, viét tit MVI(C, F), dudc phat biéu nhu sau:
Tim z* € C,u" € F(x¥) sao cho (u*,z —x*) >0, VzeC.

Dung gia thiét tap F(z) compact, ta d#t

max (u,y —x) néumx,ye C,

f(ﬂf,’y) — ) ueF(x)
~1 néu z ¢ C hoac y ¢ C.
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Khi d6, néu (x*,u*) 1a nghiem ctia bai toan MVI(C, F) thi

f(x*ay) = H}?(X)<uay - LU*> Z <U*7y - CU*>7 Va € Ca
uc k(x>

r* 1a nghiém ctia bai toan EP(C, f). Ngudc lai, néu z* 1a nghiém ctia bai

toan EP(C, f), thi

(u',y —a") = Iga(tx)w,y—fc*):f(fv*,y)z(), vy € C.
uek'(x*

Vay, (z*,u*) 1a nghiém cta bai toan MVI(C| F).

Bai toan diém bat déng Brouwer FP(C, F):

Cho C 1a mot tap con 16i, dong, khac rong ctia H, F' : C — C. Bai toan
diém bat dong FP(C, F) dugc phat biéu nhu sau: Tim z* € C sao cho

V6i moi x,y € C, xac dinh song ham f béi

(r — F(z),y —x) néuzx,yedl,
~1 néu z ¢ C hoac y ¢ C.

flz,y) =

Khi d6, bai toan tim diém bat dong FP(C, F') dugc viét dudi dang bai toan
can bang EP(C, f).

Dé hiéu r6 hon vé lich st ciia bai toan can bing, ching t6i xin dua ra
mo6 hinh bai toan can biang thi truong Nash. Mo hinh bai toan can bang
Nash 1a mot trong cac mo hinh kinh té co ban, thu hat dude sy quan tam
clia rat nhiéu nha nghién ctu. M6 hinh duge phat biéu nhu sau:

Gia stt ¢6 N hang cung tham gia sdn xuat mot loai hang hoa, tap chién
lugc ctia mdéi hang 1a C; € R*. Khi d6, tap chién ludge ctia mo hinh 1a
C=C; xCyx--xCy.Goi f; la ham lgi nhuan cta hang tha i trén C,
x; € C; 1a mic san luong clia hang 7. R6 rang, mdi hang déu mudn tim
kiém t6i da lgi nhuan ctia minh thong qua viéc lwa chon mic san luong
phu hop, v6i gid thiét san luong clia cac hang khéc 1a cac tham sé dau vao.

Mot cach tiép can thuong dude st dung cho mo hinh nay dua trén
khéi niém can bang Nash ndi tiéng. Ta can nhic lai rang diém chién luge

ot = (23,235, ,2%)" € C duge goi 1a diém can bing ctia mo hinh Nash
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fZ(ZU*) Z fl(x*[yl])7 vx;k € Claz € {1727 Tt 7N}7

v6i x*[y;] duge xac dinh tu «* khi thay x} béi y; € C;. Dang tudng minh

ctia dieu kién nay nhu sau:
fz(xi’ ’x:’... ’x}kv) Z fz(IT’ ’yi’... ’x}kv)7 Vyl c C,“?/ c {1’27 7N}

Bai toan can bang Nash nay dugce dua vé bai toan can bang thong qua
ham Nikaido-Isoda

N
O(z,y) = Zfi(x) filzlyi])
z]:Vl
— fi(xla"' L Tiy 7xN)_fi(x1>°" Uiyt ;xN)-
1=1

1.2.2 PDieu kién ton tai nghiém

Goi C la tap 16i déng khéic réng trong khong gian Hilbert thuce H. Gia

st rang:
(G1) f(-,y) nta lién tuc trén yéu véi moi y € C.
(G2) f(z,-) 161, ntta lién tuc trén yéu véi moi z € C.

(G3) Ton tai mot tap X C H compact yéu va y° € X NC sao cho f(z,3°) <
0, Vee(C\X.

Ta c6 dinh 1y Ky Fan vé sy ton tai nghiém ctia bai toan can bang.

Dinh 1y 1.1. /40, Theorem 3.1] Cho C' la tdp con loi, compact, khdc rong
cua mot khong gian Hilbert thuc H. Gia su f : C' x C' — R la song ham

can bang théa cac dieu kién
(i) f(-,y) nia lién tuc trén tréen C.
(i) f(z,-) tua loi trén C.

Khi dé, bai toan can bang EP(C, f) cé nghiém.
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Dinh ly 1.2. [19, Propositions 3.1, 3.2, 4.1] Cho C' C H la tap con loi,
déng, khac rong cia H va f: C x C — R théa man tinh chat f(x,x) =0
vdi moi © € C. Khi dé, cdc khang dinh sau ding:

(i) Vi gia thiet (G2), tap nghiém S s la tap loi dong.

(ii) Dudi cac gia thiét (G1),(G2), Sfic 5 C S, Hon nia, néu [ gid don

di¢u tren C' thi S, 5y = S(c.f)-

(iil) Dudi cic gid thiét (G1), (G2), (G3), tap Sic.py # 0. Néu them gid thiét
[ gia don dieu tren C' thi tap Sic r) la tap 103, compact.

Hé qua 1.1. [1, Theorem 2.3] Cho C C H la tdp loi, dong, khdic rong va

f:CxC =R la song ham can bang. Khi do,

(i) bai toan can bang EP(C, f) c6 nhiéu nhat mot nghiém, néu f don diéu
chat tren C'.

(i) bai toan EP(C, f) luon cé duy nhat nghiém néu f don diéu manh trén
C wa théa cdc gid thiét (G1), (G2).

1.3 Bai toan can bing trén tap diém bat dong
1.3.1 Phat biéu bai toan

Cho C' 1 mot tap con 16i, déng, khac rong ciia khong gian Hilbert H,
cic anh xa S;: C — C (i € [ :={1,2,--- ,p}) la anh xa §;—nita co, song
ham f:H x H — R. Goi Q la giao ciia tap cac diém bat dong ctia anh xa
Si

Q = NierFix(S;), Fiz(S;) := {x € C: Si(x) = x}.

Bai toan can bing trén tap diem bat dong duge phat bieu nhu sau:

Tim z* € Q sao cho f(z*,y) >0, Vye€ Q.

1.3.2 Mot s6 thuat toan thong dung

Mot s6 thuat toan thong dung hién nay duge dua ra dé giai mot lép

cac bai toan can bang trén tap diém bat dong, chang han nhu thuat toan
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nguyén 1y bai toan phu dugc dé xuat béi Anh P.N. va Ansari Q.H. [11],
thuat todn co quan tinh ctia Anh P.N. [7], thuat toan tach ctia Duc P.M.
va Muu L.D. [38], thuat toan anh xa co ctia Hai T.N. [42], [43], Hai T.N.,
Thuy L.Q., [45] v mot s6 thuat toan khéc [56, 82].

Dua trén ¥ tudng ctia phuong phap huéng giam lai ghép ciia Yamada 1.
va Ogura N. [83], lugc do lap ctia Tusem A.N. va Sosa W. [47], Tliduka H.
and Yamada 1. [46] dé xuét thuat todn kiéu dudi dao ham dé giai bai toan
can bang trén tap diém bat dong Fiz(T) ctia mot anh xa khong gian T

trong khong gian R" sau:

Tim v € Fiz(T) sao cho f(u,y) >0, Vye€ Fix(T).
4 day, C' la mot tap con 10i, déng, khac rong cia R™ va song ham f :
C' x C — R théa man f(z,z) =0, T : R" — R” la anh xa khong gian.

Day lap {2*} ctia thuat toan kiéu dudi dao ham duge xac dinh béi:

;

y* € Kj, :={x € R": ||z|| < p + 1} sao cho
4 fWF,2%) > 0 va max{f(y,2") - y € Ki} < f(yr, ) + e,
\fk € 8f(yk7 )(xk)u xk—’_l = T('rk - )\kf(ykv xk)gk)v Pk+1 = maX{pk: ka—&—lH}

Su hoi tu clia thuat toan nay dude phat biéu trong dinh 1y

Dinh 1y 1.3. [46, Theorem 3.4] Cho C' la mét tap con o1, déng, khdc rong
cia R", T : R® — R" la dnh za khong gian c6 Fiz(T) # 0, day {&*} b
chan, tic la ton tai M > 0 sao cho ||€F]] < M, (k € N), Ay > 0 vdi moi
k=0,1,..., f(x,-) loi, f(-,x) lien tuc vdi moi x € R™. Khi do, cdc khang
dinh dudr day dung:

i. Néu Qp = {u € Fiz(T) : f(y*,u) <0} #0, thi
2" — PP < [l — P A (MPA, = 2) F (4, )2
Dac biét,

2
|25 — uF |1 < J|2b = uF))?, Y € [0, W] :
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it. Gid st Q = oy Fix(Q) # 0, M, € [a,0] C (0,5%) . (k € N,a,b > 0).
Khi dé, day {=*}, {y*} bi chan, hon nia

lim f(y", 2") =0, lim ||z* — T2"|| = 0.
k—o00 k—o0

iii. Vi Q = (pe; Fix(Q%) # 0, M € [a,0] € (0,+%),(k € Nya,b > 0),
€ > O,klim ex = 0. Khi do, day {=*} hoi tu tdi mot nghiem cia bai
—00

toan dang zét.

Rat gan day, nam 2021, Anh P.N. v& Ansari Q.H. da dé xuat thuat toan
nguyén 1y bai toan phu giai bai todn can bang xic dinh trén tap nghiem
clia bai toan bat ding thic bién phan da tri sau:

Cho C 1a mot tap con 16i, déng, khac réng ctia H, anh xa da tri F: C —
2H c6 tap gia tri khac réng, ham ¢ : ¢ — R 16i. Ky hicu Q = S(C, F, g)
1 tap nghiém ctia bai toan bat dang thiic bién phan da tri hdn hop: Tim
y* € Cvaw* € F(y*) sao cho (w*,y —y*) + g(y) —g(y*) >0, Yy € C. R
rang, bai toan nay dudgc viét duéi dang bai toan can bang trén tap giao
clia tap cac diém bat dong va tap nghiém clia bai toan bat dang thiic bién

phan da tri
m FiX(SZ') N €.
i=1

Thuat toan dé xuat c6 dang:

)
20 € C,

yF = prozye,(zF — NeuF)uk, uF € F(ah),
Wk = ak — ARk dF = ok gk Rk — k),

vt e F(y") N B(ub, Klla* — ")),

X . W(azk — ¥ d¥) néu d* # 0
0 néu d* = 0.

2F = argmin {8 f(w*, 1) + §|t — w*|?: t € C},
wj = (1= BH)2" + FHI5;(1),

Ik+1

\ = uf jr € argmax{||uf — 2| : je I =1,2,---}.
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Dieu kién trén cac tham so:

4
K>07>0K>L0<7<n<E¢,

0< MW <& lim=XA>00<a<rf<a<y,

k—o00

{ B € (b,b) C (0,1 —p;), =max{p; :i cI},Viel,
BF N 0,577 BF = 400, 28M — (B7)%€* < 1,
\O < pF < min{1 277_27}.

T 52_7.2

Gia thiét tren song ham f va anh xa gia da tri F:
(i) Tap nghiém cta bai toan dang xét la khéc rong.
(i) F gia don diéu, lien tuc Lipschitz véi hang s6 L.

(iii) ¢ 1a ham 10i, nita lien tuc dudi.

(iv) f don diéu manh v6i hing s6 n va lien tuc kiéu Lipschitz véi hiang s6
£ 2.

(v) f nita lien tuc dia phuong yéu, titc 1, néu 2* hoi tu yéu dén , va ¢

hoi tu yéu dén ¢, khi do klim f(@® %) = f(z,y).
—00

(vi) V6i cac day ¥, y* bat ky trong tap C ma z¥ — z,9¥ — y thi
lim supy,_, o —”ﬁ}f_’zk‘)‘u < +o0.
(vil) V6imoéii € [ ={1,2,--- ,r}, S;: C — C la cac anh xa [;— niia co.

Duéi cac dieu kién trén cac tham so, cac gid thiét ctia f va F, cac day
{2*} v& {y*} hoi tu manh t6i mot nghiem clia bai toan trong mot khong

gian Hilbert thyuc H.

Két luan Chuong 1

Trong Chuong 1, chiing to6i da nhéac lai mot s6 kién thiic co ban ¢
lien quan dén luan an trong Giai tich ham va Giai tich 10i, thuong dugc
stt dung trong bai toan can bang EP(f, (), diéu kién ton tai nghiém cta

bai toan can bing. Bai toin can bing trén tap diém bat dong va mot sb



27
thuat toan lap thong dung giai bai toan can bang trén tap diém bat dong

duge dé cap & cudi chuong.
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Chuong 2
Cac phuong phap chiéu mé rong

Trong chuong nay, ching toi trinh bay mot s6 phuong phap chiéu
dé giai bai toan can bing (2.1) trén tap diém bat dong trong khong gian
Hilbert thuyc H véi gid thiét song ham f 1a don diéu manh va cé tap duéi
vi phan xap xi 1a lién tuc Lipschitz theo ki¢u Hausdorff trén tap C. Thuat
toan dau la sy két hop ky thuat dudi dao ham xap xi ciia Santos P. [73]
va luge do hudng gidm lai ghép ctia Yamada I. [83]. O Thuat toan thi
hai, chiing t6i két hop k§ thuat lap diém bat dong ctia Mann W.R. [58] v&
phuong phap dusi dao ham song song dé giai bai toan (2.1).

Xuat phat tir ¥ tudng ctia phuong phap dao ham tang cuong giai bai
toan can bang va phép liap Mann gidi bai toan diém bat dong [5], vdi ki
thuat chiéu song song [14] ctia Anh P.N. va Strodiot J.J., Hai T.N. [44, 78],
trong muc 2.4, chting toi dé xuat mot thuat toan chiéu mdi gidi bai toan
(2.21). Cac tinh todn minh hoa ctia thuat toan va két qua so sanh véi cac
thuat todn khac ciing dudce trinh bay chi tiét & cic muc 2.3 va 2.4.3. Noi
dung ctia chuong nay duge viét dya trén hai bai bao [CT1, CT4] trong
Danh muc cong trinh khoa hoc da duge cong bo.

Bai toan can bing trén tap diem bat dong duge phat bieu dusi dang:
Tim z* € Q sao cho f(z*,y) >0, Vy e Q, (2.1)

dday, S; : C — C (1 € I :={1,2,...,p}) 1a 4nh xa f;—nita co, Q =
ﬂZnga:(SZ) va FZZC(SZ) = {ZU e C: SZ(SU) = SU}
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2.1 Phuong phap chiéu song song xap xi

Thuat toan 2.1. Khdi tao: Chon mot diém bat ky 2° € C.
Buvoc lap: £k =1,2,...

Budc 1. Lay cdc tham so6 théa man cac dieu kién sau:
4

T E (O,B),0<m§w<min{2ﬁ 2(8-1) 1},

L% [2—72) 1

O<a§ak,i<min{1_75":i€]},

4 (2.2)
€k < Vs Do € < 00,
| S0 v = 400, Xpg 17 < 400, Sty Tk < +00.
Budc 2. Tinh
(?Jf = (1 — ap)a® + oy Si(a¥), Viel,
Y=yl vdiig € argmax{|ly; — o¥|| 1 i € I}, (2.3)
|2 € Pyt — ), ut € 3 f(y" yF).

Budc 3. Dat k =k + 1 va quay lai Budc 1.

B6 dé 2.1. Cho C la mot tap con loi, déng, khdc rong trong khong gian
Hilbert thuc H, g : C x C' — R la mot song ham can bang, g(z,z) = 0
vdi moi x € C. Véi méi x € C, g(x,y) nia lien tuc dudi, 10, khd dudi vi
phan theo y trén C'. Cho € > 0, g la 5-don diéu manh trén C va 05g(x, x)
la compact, lién tuc Lipschitz vdi hang so L > 0 trén C sao cho f < L.
Khi do, anh xa da try

S(z) = {r —yw, : w, € 059(x,x),x € C}, Vrel,

la 2\/7€—co vdi hiing s6 § = /1 — (23 — vL?) dudi diéu kien € (O, i—@) .
Chiing minh. Theo dinh nghia duéi dao ham, ta c6
9(x,y) 2 (we,y —x) — €, Vw, € yg(x, ),
9(y,z) = (wy, x —y) —€, Yy € 59(y, y).

Cong cac bat dang thiic trén va st dung gia thiét g 1a 3— don diéu manh,
véi moi z,y € C,w, € og(x,x),w, € O2g(y,y), ta co

— Blle —yll> = glz,y) + 9(y,2) = (we — wy,y — x) — 2. (2.4)
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Lay w, € d5g(x,x) va w, € 959(y,y) sao cho

p(059(x, x),059(y,y)) = ||we — wy]|.

Dat A = 95g(x,z) va B = 95g(y,y). Két hop (2.4), tinh don di¢u manh
ctia g va tinh lién tuc Lipschitz cia 05g(z, x), ta co
max{ sup inf ||z — 1w, — (y — Tw,)|?,

wy €A WyEB

sup inf ||z — 71w, — (y — Twy)HQ}
wy€B wy€A

=z — yH2 + max{ 8116134132%[2T<w$ — Wy, Y — T) + TQwa - waZ],
Wy Yy

sup inf [27(w, —w,,y — ) + 72w, — wy\|2]}
waBwreA

<z — y|I* + max { sup inf [27(=Flx = ylI* +2€) + 72y — wy ],

wy €A WyEB

sup inf [27(—B||z — y||* + 2¢) + 77||lw, — wy\|2]}

§||x—y|]2—|—27(—BHx—yH2—|—26)—|—max{ sup inf 73w, — w,|?,

wyEA WyE

nf 2 _ 2}
sup inf, 7 lwe = wy |

=llz = yl* + 27(=Bllx — y||* + 2¢) + 7°p(A, B)*
<[lz = yl* = 2r(Bllz — yl* — 2¢) + T*L?|}x — y]|*
=[1 —7(28 — 7LA)]||lx — y||* + 47e,

hay
p(S(x), S(y))2 :max{ sup inf ||z — 7w, — (y — Twy)Hz,

wyEA WyEB

sup inf ||z — 7w, — (y — Twy)H?}
wyEB wy€A

=[1 — 7(28 — 7L)]||z — y||* + 4re.
Tu (2.4), suy ra
—Blle =yl > — [lw, — @yllllz -yl — 2¢

= — p(059(x,x),059(y, y)) ||z — yl| — 2€
> — L|jz — y|I” — 2e.
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Khi do, ta c6 (8 — L)||lz — y||* < 2¢ véi moi 2,y € C. Luon ¢6 0 < 8 < L.
Khi d6, 1 — 7(28 — 7L?*) > 0. Tic 13,

p(S(2),S(y)) < V1 —7(28 — L)z — y|| +2v/Te.

Do dé, S 1a 2y/Te—co v6i hing s6 6 = /1 — 7(28 — 7L2) € (0,1) tren C.
]

Tiép theo, dé chitng minh sy hoi tu ciia day {z*} trong (2.3) ching toi

nhac lai mot s6 bo dé co ban sau.

Bo dé 2.2. ([16, Lemma 2.3]) Cho {a;.} va {6} la cdc day s6 khong am
thoa man
aps1 < ap+ 9, Vk>0,
vdi {0} vdi > O < +oo. Khi do, ton tai gidi han klim ap < +oo0.
k=0 —00

Bo dé 2.3. (/54, Remark 4.4]) Cho {ax} la day s6 khong am. Gid si
rang vdi moi s6 nguyén m, ton tai mot s6 nguyén p sao cho p > m va
ap < ap1. Cho ko la mot 50 nguyén sao cho ar, < apy41 V& xdc dinh, vo

moi 56 nguyén k > ko,

7(k) =max{i e N: ky <i<k,a; < a1}
Khi do, 0 < ap < argy41 v0i moi k > ky. Hon nita, day {7(k)}rzr, la
khong giam va dan tdi +oo khi k — oo.

Bo dé 2.4. (54, Remark 4.2]) Gid sit ring S : H — H la mot dnh
ra m—nia co sao cho Fix(S) # 0 va a € [0,1 — m]. Khi dé, dnh za
Se = (1 — )] + S la tua khong gian trén H. Hon nia,

S0 (2)—2*|]* < |z—2*||*—a(l-m—a)||S(z)—z|?, VzcH,z*<c Fiz(9).

Bo dé 2.5. (/80, Lemma 2.5]) Cho {a;} C Ry la day s6 théa man bat
dang thic

ap+1 < (1 — aw)ag + agdy,
vdi {ag} C [0,1] va {0x} C R. Néu Y 12,y = 400 va limsup;,_, 6 <0,

thi limk_>oo ap = 0.
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Sy hoi tu clia phuong phap chiéu song song duge khang dinh thong qua,
dinh ly sau.

Dinh 1y 2.1. Cho f : CxC — R la B don diéu manh, lién tuc yéu, € > 0,
x e C,05f(x,x) compact, lien tuc Lipschitz vdi hang so L > 0 tréen C. Vdi
moii € I, anh za S; : H — H la 8;—nita co sao cho tap Q # (0. Khi do,
day {2*}, {y*} sinh ra bdi thudt todn hoi tu manh téi nghiém duy nhat x*
cia bai toan (2.1).

Chitng minh. Cho x* 1a nghieém duy nhat ctia bai toan (2.1). Ta ching
minh dinh 1y theo cac budc:
Buéc 1. Ta c¢6 khang dinh sau:

k(3 + [lwil)?

- —atk o (1= iy = Biy) (1= |2 = S5, ()%,

voi ay, = ||l2* — 2*||%, wi € 0% f(x*, x*) sao cho

apr1 < (1=7y)ap+

rh = ppwy = Prx*f’ykagkf(x*,x*)(yk — u).
Hon thé nita, limy_ |27 — ¢*|| = 0, hai day {z*} v& {*} bi chan.
That vay, dat Ag(x) = x — 305" f(z,x) v6i moi x € C. Cha § rang
Oy f(x,x) # O vi f(x,-) kh&a dudi vi phan v6i moi z € C. Tu dieu kién
(2.2), dan dén
2(8—7)

6_T>07L2_72>077k<ﬁ7

nén /1 — (28 — v.L2) < 1 — 7. Stt dung Bo dé 2.1, Chi ¥ 1.1, ta xac
dinh dugc

2 — 2| <N (" — ) — 2 + e
<N (" —nu®) = (2 = nwp) |l + wllwill + e
<p (A(y"), Ar(@")) + ellwill + e
<pilly® = 2*|| + 27 + wllwill + e
<1 =)y — 2| + (2 + wil]) + ex
<(1 =) lly" — 2| + 33 + [lwilD),

voi x* € Pres(x*), pr = /1 — (28 — y.L?). Diéu nay ching t6

* * y 2
ot — 22 < [0 = )lly* — 2 + (3 + [lwil])]
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. 34 ||lwi|]?
= = rlyt = a7+ 2

. ,ka_{_w*Z
< (=)l — e + BEEES o )

V6i méi o € [0,1), diit S, = (1—a)l +aS;,. Ap dung bat ding thic (2.4),
ta co

ly*

—2"|)* =y, — 2"

= HSOék(xk) — "

<Jlz" = 2"|* = iy (1 = aniy — Big)2* = Sig (z") % (2.6)

2

Két hop (2.5), (2.6), ta thu duge

|25 = 2" <(1 = r)ll2" —

. 3+ U}* 2

— o (1 — aip — Bio) (1 — Tym) |2 — Si ()7

(3 + [JwglD?

<A —r)llat = 2P +

<max{[a" - 2"|*, K}

IA

< max{||2" — 2"||*, K},

trong do
1 *
K = ﬁsip {4+ |lw])?} < +o0.

Do vay, day {z*} bi chan. Tit (2.6), ta thay {y*} ciing bi chin. St dung
tinh chét ctia y* € Pri(y") suy ra

0 < Tim [+ =y < Jim [ lu’l] + ] = 0.
k—o00 k—oo

Nhu vay ta da ching minh duge khang dinh é Buée 1.

Buéc 2. Ta xét hai truong hop:
Truong hop 2.1. Ton tai ky € N sao cho aj1 < ai v6i moi k > kg, do do
limy o0 ax = A < +o00. Tit Buéc 1, limy_,o [|¥* — 2*|> = A. Qua (2.6), ta

P

CO

a(l — B
%”yf - kaH2 < ak,io(l - 52’0 - ak,io)ngk - ‘S’Z'o(mkj)”2
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< la® = 2" = ly* = 2"

Nhu vay,
0 < alim ||S;(z") — 2| < lim ||yf — 2| =0, Viel (2.7)
k—o00 k—o0

O Buéc 1, ta da chi ra {y¥} 1a day bi chan, tic 1a ta c6 thé gid thiét

y* — 7 € C va tit tinh lién tuc yéu ctia ham f ta co

Do vay, ¥ — z, yfj — 7 khi j — oo v6i moi i € I. Ap dung tinh chit nia
dong tai khong ctia S; véi moii € I, 2% — 7 € O va (2.7), ta chira z € Q
va liminfy oo [—f (¥, 2%)] = —f(Z,2%) > 0. Gid thiét v* € 07 f(y*, y"),
f(y*,y") =0, dan dén

Fly' 2% = fyh 2" = fF 9" > (W e =) = (2.8)
Két hop (2.6), (2.8) va (1.4), 2" € Prg(y* — yub), 2% € Prii(z*), ta co

o4+ = a2 <y — e — a2+

17+ e
kH2

=|y* — ¥ = 29 (", yF — =) + ¢ |u
<|ly* — 21?4+ 2% f (", %) + ] + A2 |u
<||o* — 2*))? + 29[ f (¥", 27) + 7] + il ju

+e%
FIZ+ e (2.9)

Diéu nay c6 nghia 13

22% 9] < f|lako - xH2+2Z%TZ+MZ%+Z €2, Yk > ky,
1= ko = ko = ko 1= ko
(2.10)
v6i M = sup{||u”||? : k € N} < +oo. Dudi céc gia thiét (2.2) va
liminfy, o[~ f(y¥, 2%)] > 0, ta c6 thé két luan liminf;_,o[— f(y*, 2%)] = 0.
Mt khac, tinh chat f 14 S— don diéu manh f dwa dén
0<f(" z)
= liminf f(z*,y")
k—o00

<liminf[—g|jy* — *|> = f(¥*, 2")]
k—o0
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= — BA —lim inf[—f (5", "))
— _ BA.

Do dé A =0, ttc 1a 2% — z*, y* — 2* khi k — oo.

Truong hop 2.2. Khong ton tai k; € N sao cho aj1 < a; v6i moi k > k.
Khi d6 ton tai kg 1a s6 nguyén duong sao cho ag, < ag,+1- Ap dung Bé da
2.3, Maingé da chi ra day con {ag)} clia day {az} duge xac dinh nhu sau

E(k)=max{i e N: kg <i<k,a; < a1}
Maingé ciing chi ra ring
§(k) /7 +00,0 < ap < gy, Qer) < Agry1, VE > ko. (2.11)

Do day {%"*} bi chin (chting minh 6 Buéc 1), khong mat téng quat, ta
gid st ring day y*®) — z € C. Tuong tu nhu truong hop 1, ta cing suy
ra T € Q va limy oo f(z%, %)) = f(2*,7) > 0. Sit dung (2.9) va tinh chat
B—don diéu manh clia f, tic la, f(y*, 2*) < —f(2*, y*) — B|ly* — 27|, ta

P

CcO

ap+1 <aj + 27k[f(yk,$*) + 73] + 71%\\Uk\\2 + €
<ap+ 2 [ F(*y") = By — ¥ + 7] + v l|uF]? + €.

Nhu vay

e f (@, 1™ <ag) — ey — 29w Bl — 2% + 270 Yerr)
+ v,?(k) [ut ™% + 6?(1@
(k) H2

< — 2% BV — 21 + 27 vem) + Ve I + €€y-

Do > 22 0Tk = 400, Y peoVE < 400, Y peo VkTk < 400 va day {u*} bi chan
(chiing minh trong Budc 1), ta thu duge

lim sup f <x*,yf(k)) =0= klim f (:l:*,yg(k)) = 0. (2.12)
—00

k—o00
Tu (2.6), Cha y 1.1 va f 1a f—don dieu manh, dan dén

s =l =

<|ly* =y — 2|2 + €
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=lly* — 2> + 2y (u”, 2 — ) + | + €
<ly* — 2 + 2% f (0", 2") + R[] + €
<y* — 2| + 29 [ f (2", ") — Blly* — 2*|1P] + il |1* + €
=(1 = 2B7)ly" — 2*|1* — 2 f (&7, ") + i llu*|]* + €
<(1 = 28)ar — 2 f (2%, 4*) + Rl |* + €

Tue 1a

gy < 1= 28%m)] agr) — 2vem fa", v+ W) + ’Ygz(k)Hug(k)Hz + €§(k>-

Khi d6, ap dung Bo dé 2.5 ta ¢6 limyoe ag(ry = 0 vd do d6 limy oo ag(ry+1 =
0. Két hop dicu nay va (2.11), ta c6 limy_,o a = 0. Suy ra, cac day {z*}
va {y*} hoi tu manh t6i z*. Dinh Iy dugce ching minh.

O
Chua
1)
1)

y 2.1. Trong truong hop S; (i € I) la dnh za dong nhat, bai todn

(2.1) dugc viet dudi dang bai toan can bang quen thudc va day ldp trong

(2.1) dugc viét lai nhu sau:
2’ e C,

(2.13)
zhtl e Prg“(:ck — ypub), uk € OFF f(aF, xF).

Khi dé, luge do chiéu dudi dgo ham (2.13) trd thanh phuong phdp zap xi
chiéu dudi dao ham IPSM dé gidi bai todn can bing (3.20) ciia Santos va
Scheimberg trong [73], vdi gid thiét f la paramonotone trén C. Nhu vay,
theo mot cach nao do, co thé hiéu Thuat todn 2.1 la sy mdé rong tu phuong
phap IPSM cia Santos va Scheimbery.

2.2 Phuong phap duéi dao ham song song

Trong phan nay, ching toi gi6i thieu phuong phap dudi dao ham song
song giai bai toan can biang trén tap diém bat dong (2.1) va chiing minh
su hoi tu ctia thuat toan véi gid thiét f 1a song ham S—don diéu manh,
lien tuc yéu trén H. Véi moi € > 0, 95f(x, ) compact, lién tuc Lipschitz

v6i hiang s6 L > 0 trén H.
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toan 2.2. Khdi tao: Lay diém bat ky 2° € H.
buédce lap: k=1,2,...

Budc 1. Xay dung day cac day tham so duong

;

7€ (0,0),0 <7 <9 < min{% 2(—7) l}’

12 [2—72s 1

O<a§ak,i<min{1_7&:iel},

) € < YV, EZ.;O 6% < +09,

ZZO:O Vi = 100, ZZO:O 7]?; < 400, ZZO:O YTk < +00,
pe (0, i—/ﬁ) ,

Buoc
(

Buoc

Su hoi tu cua thuat toan duge chiing minh trong Dinh 1y 2.2.

Br € <0, 1—y(1 = /1—-2u8+ M2L2)> :
2. Tinh
yf =(1- ozm-)xk + ozk’iSi(a:k), Vie I,

yF = yk | wdidy € argmax{||yF — 2*| i € I},

\fc’““ = Bt + (1 — Br)y* — pyu®, uk € 03 f(y*, y").

3. Dat k =k + 1 va quay lai Budc 1.

(2.14)

(2.15)

Dinh ly 2.2. Cho song ham f : H x H — R la —don diéu manh, lién
tuc yéu. Vdi moi e > 0, 05f(x,x) compact, lién tuc Lipschitz vdi hang so
L >0 tréen H. Vi moii € I, anh za S; : H — H la 8;— nita co, Q # (.
Khi dé, cic day {z*}, {y*} sinh bdi Thudt todn 2.2 hoi tu manh tdi nghiém

duy nhat x* cia bai todn (2.1).

Chitng minh. Goi x* 13 nghiém duy nhat ciia bai toan (2.1). Lay u* €
95" f(z*, %) sao cho ||u* — u*|| < p(95F f(y*,y"¥), 5 f(x*, x*)), khi do,

BN

ma

|2 — 2| = [|Be® + (1 = B)y* — pypd® — 27,

1Bs® + (1 — Br)y* — pppu® — 27|



38

= |[[(1 = Br)y* — pyu®] = [(1 = Br)a™ — pypw’] + Br(a® — %) — pypur”|
<1 = By — pr™] = [(1 = Br)x* — pyw’] || + Brlla® — 2| + pyel|w|
=[1(1 = Br — ) (W* — %) + wl(y* — 2*) — pw* — )| + Bilz" — =7

+ pyl[u]|
<(1 =Bk —wlly* — 2* | + (" — o) = p(u® — u*)|| + Bella" — 27|

+ py ||,

nén
|25 — 2| < (1= Bk — ) ly" — 2| + wll (v — =) — p(u® —u?)|]
+ Brll=® — 2| + pyi ]| (2.16)

Do song ham f : H x H — R la f—don diéu manh, u* € 95" f(y*, y*) va

u* € 05" (a*, x*), ta co

Ta lai ¢c6
ly* — 2*||? = 2uly® — 2%, 0 — ) 4+ Pt — ut|?
<(1—2uB)|ly* — 2*||* + p?||uf — u*||* + dpey,
<(1—2uB)|y" — ¥ + 12p* (05 F(y", y"), 05F f(a*, 2*)) + dpey,
<1 =2uB)lly" — 2| + 1P L2|ly* — 2™ | + dpes
=(1 = 2uf + (2 L?)||y* — 2*||* + 4pe.
Vay
ly" — 2% — p(u” — u)||* < (1= 2uB + @*L?)||y" — 2*||* + duey.
Do doé

ly* —a* — p(u” — )| < 68lly* — 2*|| + 2y/ner,

Vi 6 := /1 — 2upB + p2L2. Két hop didu nay véi (2.16), ta xac dinh dugc

Il = a*|? < [(1 = B = mwlly" = 2"+ mll(y* = 2%) = p(u’ —u?)]

2
+ Billz® — 2| + gyl
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<[ = B =Wl = 2"l + - ¥l + Blla* — &)
2
+ pywlwt] + 2%/;&64

:[ (1= Bk = (1= 0)) ly" — 2" + Bell=* — 27
L pllat ] + 2y
(1—9) 3 ]

+ Yk

<[1= B = (L =0)] Ily* = 2" |* + Bell2" — 27|
e (ullw|| + 2y/pek)?
+ n .
1-9
T (2.6) va (2.17), ta suy ra

(2.17)

|2 = 2 < (1= By — e (1= 9)) ly* — 2™ ||* + Byll2® — 27|

N Ve (o || +_2\/M€k)2

1—9
_ § Ve (||| + 24/ pier)?

— aio (1= gy — Biy) (1= B — v (1= 9)) [|2" — S; ()] 1%

Lap luan tuong tu nhu Dinh Iy 2.1 ta chiing minh dugec Dinh 1y 2.2. O

2.3 Mot s6 vi du minh hoa va két qua tinh toan

Xét bai toan (2.1),véi C 1a da giac 161 cho trong vi du [13, Example 5.1]
(
z€RY,

C:<[L'Z§]_, \V/'[::l,...,57

T+ 2.'L'2 —|—3$3 +4£L‘4 + 5£E5 < 3.
\

Céac anh xa S; : R — R%(i = 1, 2) dudc xac dinh nhu sau:

1 1 1 1
Si(z) = <§x1,sin X9, §x3,x4,sin3 :c5> ,So(x) = (:1:1, §x2,sinx3,sin2 Ty, ng)) :

Bai toan song ham can biang f : R’ x R> — R [69] c6 dang
flz,y) = (F(x) + Qy+q,y — ),

v6i A, B, D lan lugt 1a cac ma tran vuong, ma tran phan xing, ma tran

duong chéo cap 5 x 5 va Q = AAT + B+ D ([13]), ¢ 14 mot vecto trong
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R% n>1+ QI

F(x) = (nx1+nzo+sinxy, —nxi+nre+sinze, (n—1)xs, (n—1)z4, (n—1)x5).

Trudce tien, ta chira F lien tuc Lipschitz tréen C' véi L = 1/2(2n2 + 2n + 1).
That vay

|[nx1 + N + sinay] — [nyr + nya + sinyy]|
< nlzy — y1| +nlre — yo| + |sinz; — siny|
< (n+ D|z1 — y1| + n|ze — yol. (2.18)

Chiing minh tuong tu, ta co6

[[—nz1 + e + sinze] — [—ny1 + nye + sinys]| < njzr—yi|+(n+1)|z2—yal.
(2.19)
Tir (2.18), (2.19) dan dén

[Ny + ns + sinwy] — [nyy + nya + siny ]|
+ [[=n@1 + nwy + sin xo] — [—ny1 + ny2 + sinya]|”
+ (= Vs — (n = Dys” +[(n = Daa — (n = gl
+|(n = D)as — (n— Lys|?
<[+ Vw1 — yil + nlwa — yol]* + ey — 1] + (0 + )]z — 2]
+ (=1 |zs —ysl* + (0 = 1)?|la — wal® + (n — 1)%|as — ys*
<2(2° + 20+ |z — yl?,

Nhu vay,
IF () = F()lI* < 220" + 20 + 1|z — y1*. (2.20)
Bat dang thic (2.20) hién nhién ding do (a + b)? < 2(a? + b*) v6i moi
a,b € R. Khi d6, F' la anh xa lién tuc Lipschitz véi hang s lien tuc
L= /2(2n% + 2n + 1).
Tiép theo, ta can chi ra F' 1a (np — 1)—don diéu manh trén R®. That

vay, lay o = (x1,...,25)" € R®y = (y1,...,y5)| € R, ap dung Dinh Iy
Lagrange:

[sinz; —siny)(x1 — y1) = (71 —y1)*cos ey > — (a1 — y1)°
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[sinxo — sinys](zg — yo) = (29 — y2)2 coscy > —(rg — y2)27

vl ¢ € (21;51), 2 € (223 y2) ta co,

(N1 + nae + sinay — nyr — ny2 — sinyi](z1 — y1)
+ [—nz1 + nr2 + sinxy + ny1 — Ny2 — sinye](z2 — ya)
+ (= D(ys —3)> + (0 = 1)y — 20)* + (n = D(ys — x5)°
=n(y1 — 1) + [sin a1 — siny] (21 — y1)
+ (Yo — @2)* + [sin @y — sinys] (w2 — yo)
+ (= D(ys = 23)" + (0 = D(ya = 2a)* + (1 = 1(ys — 25)°
>(n = 1)(y1 — 1)’ + (0 = 1(y — x2) + (n = 1)(ys — 3)°
+ (= 1)y — 22)* + (0 = 1)(y5 — x5)°
=(n— Dz -yl
hay
(F(z) = F(y),z —y) < (n=1)[Ja —y[*.
Diéu nay chiing t6 rang F 1a (n — 1)—don diéu manh trén R®. Stt dung Bo
dé 6.1(z) trong [69], ta két luan dugc song ham f 14 don diéu manh véi
hing s6 (n — ||Q]] — 1) trong truong hop n > 1+ ||Q]|. V6i méi z € R?, ta

P

c6
Oy f (2, ) = {F(x) + Qr + ¢} .
Khi do, luge do (2.3) giai bai toan (2.1) duge xac dinh nhu dudi day:

)
20 € C,
yf =(1- ozk’i)a:k + ozk,iSi(a;‘k’) 1=1,2,
<

yF =yl Vol iy € argmax{|jy} — 2¥|| i = 1,2},

\uk = F(z%) + Qa* + ¢, 2" € Pri(yF — ypub).
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Céac ma tran A, B, D, vectd ¢ (duge sinh ngau nhién)

(210 1 —1) (0 1 2 1 -1\
121 0 2 -1 3 2 0 2
A=]l0 13 1 2 |.B=|-2 -2 1 1-3],
0 13 1 0 -1 0 -11 0
\2 01 -1 3 \1 -2 3 0 2/
(500 0 0) [ 2
030 0 0 3
D=[0012 0 0 |,q=]|-4
00 0 15 0 1
\0 0 0 0 22/ \ 5 /

Gia tri rieng nhé nhat ctia Q 1a 10.2313, chuan ctia ma tran Q la 58.9677.
Do F lién tuc Lipschitz véi hing s6 lien tuc 1a L = /2(2n2 +2n+ 1) va

(n — 1)—don diéu manh, ta c6

o O5f(x,x) = {F(x) + Qz + ¢q} 14 don dieu manh vé6i hing s6 [ :=
1+ 9.3213:

o 05f(z,z) 1a lien tuc Lipschitz v6i hing s6 L = /2(2n2 +2n+1) +
58.9677.

Céac chuong trinh tinh toan duge chay trén phan mém MATLAB R2013a,
trén méy tinh Laptop Intel(R) Core(TM) i3-3110M CPU@2.40GHz 2.40GHz
4Gb RAM. Phép chiéu trong luge do tinh toan (2.3) duge tinh thong qua
viéc giai bai toan 16i manh toan phuong bang cong cu c6 sin 13 ham fmin-
con trong MATLAB. Nghiém tim dugc 14 nghiém xap xi € cia cac thuat
toan (2.3), (2.15), néu max{||y* — 2F||, [|2*! — 2|} <e.

Thit nghiém 1. Lay 1 := 50 + [|Q| = 104.8319, ay; := 0.01 + =455
ﬁ? k € N. Két qua tinh toan ctia Thuat
toan 2.1 dugc thé hien trong Hinh 2.1.

vol moi ¢ = 1,2,¢, = 0,y =

Thit nghiém 2. Liy u= £ € (0,%) = 0.0016,
1

Br = 5[1—%(1—\/1 —2uf + p2L?)) € (0, 1— (1= /1 —2u8+ u?L?))
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—*—x(1)

0.15

The value of xk{i)
=]
g%}

0.1

0.05

lter.(n)
Hinh 2.1: Luge do tinh toan (2.3) véi 2° = (0.25,0.35,0.0,0.1,0.3)T, sai s6 € = 1073.

, =50+ [|Q|| = 104.8319, ap; := 0.1 4 115 v6imoi i = 1,2, ¢ = 0,
M = 7o K EN.
Két qua tinh toan sb6 ctia Thuat toan 2.1 dugce cho trong Hinh 2.2.

Thit nghiém 3. Dé so sanh (2.3), (2.15) v6i phuong phap kiéu dudi
dao ham (STM) cua liduka va Yamada trong [46, Algorithm 3.2| giai bai
toan can bang v6i song ham f trén tap diém bat dong Fiz(S;). Cac dit
lieu dau vao nhu ma tran A, vecto ¢ dudce sinh ngau nhién trong khoing
(—3,3), ma tran dudng chéo D dugc sinh ngau nhién trong khoéng (0, 1)

bdi cac cau lénh
A =6xrand(5,5) — 3, B = skewdec(5,1), D = diag(1 : 5).

Chon n := 50 + ||Q|| = 104.8319 v& B = n + 9.3213. Nhu da biét, néu

k+1

max{||2* T — ¥¥|, |lv* — 2%} < e, thi 2 duge goi 1a e— nghiem clia bai
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B o = "
1 (

The value of ¥(i)

| | | |
a a0 100 150 200 250 300
lter. (k)

Hinh 2.2: Lugc dd tinh toan (2.15) véi 20 = (4,-3,-1,2,-5)T, sai s6 ¢ = 1073. Nghiem xap xi
z* = (0.0136, —0.0121, —0.0023, 0.0073, —0.0001) T

toan (2.1). Bo tham s6 va cac dit licu khac ctia thuat toan duge chon nhu
sau:

1

(i) Thuat toan 2.1: ay; := 0.014 55 véimoii = 1,2, €, = 0,7 = =115

k € N, diém khéi tao 2° = (0.25,0.35,0.0,0.1,0.3)".
(ii) Thuat todn 2.2: p = & € (0,%) = 0.0016,58 = %[1 — (1 —

V1=2up+ L) € (0,1 — (1= /1 —2u5+u2L2)) 1 = 50 +
Q[ = 104.8319, ot := 0.1+51%, diém khdi tao z° = (0.25,0.35;0,0.1,0.3) T

(iii) Thuat toan (STM): 2° = (1,1,1,1,1)%,py = [|2°],e&x = 0,&F =
F(y") + Q22" — y*) + ¢ € %f(y",2"). RS rang M < L + [|Q],
ta chon M = 2L + ||Q[,\x = 75 € (0,7%). Tai méi budc lap,
y* € Cp = {z € R° : |jz]| < pp + 1} thoéa man f(y*,2%) > 0 va
max{ f(y, 7)1 y € C.} < f(y*, 2%) + ;. Khi d6, y* duge xac dinh béi

yF = argmin{—f(y,xk) TS Ck} .
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Thuat toan 2.1 Thuat todn 2.2 Thuét toan (STM)
Problems k | Iter. CPU(s) | Iter. CPU(s) | Iter. CPU(s)
k=1 87 11.0156 | 279 0.0938 | 178 28.9063
k=2 87 10.1250 | 274 0.0313 | 174 28.6875
k=3 88 9.7813 | 271 0.0469 | 168 27.2813
k=4 85 8.5469 | 273 0.0467 | 172 27.5000
k=5 90 7.4063 | 273 0.0625 | 177 30.3281
k=6 89 7.9375 | 280 0.0625 | 176 28.8594
k=7 88 7.9375 | 276 0.0313 | 171 27.1406
k=8 87 8.2813 | 271 0.0625 | 175 28.0625
k=9 86 7.0094 | 277 0.0625 | 178 27.8438
k=10 92 8.1031 | 274 0.0627 | 170 27.2656

Bang 2.1: Két qua so sanh clia cac thuat toan véi e = 1073,

Thuat toan ditng khi ||z — o] <e.

Cac két qua so sanh dugc ghi trong Bang 2.3.

Thit nghiém 4. Xét khong gian Hilbert thuc H := L?([0,1]) v6i tich
1
vo huéng (z,y) == [ x(t)y(t)dt v6i moi x,y € H va chuan
0

2

Joll = | [ letoar

Lay tap C := {x € H : ||z|| < 1}. Song ham gia f : H x H — R ¢6 dang
f(z(t),y(t)) = (max{0,z(¢)},y(t) — x(t)) v6i moi t € [0,1] va x € H. Ro
rang f don diéu, lién tuc 1—Lipschitz. Xét cac nita khong gian H; xac dinh
béi H; == {x € H: (a;,x) < b}, v6i a;,b; € H, (i € I := {1,2,3}) . Hon
nita, v6i moi ¢ € I, cac anh xa S; = PrePryg, (i € [ := {1,2,3}) la 4nh
xa khong gian. Chi ¥ rang, v6i méi x € H, phép chiéu cia x trén H; dudc
xac dinh:

a;,x)—b; £
g — {eir)—bi ‘a; mneuz ¢ H;

112
Per(x) = ”alH
x neu r € H;.
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Ta lay

a;i(t) = (20 + 1)t +3,b;(t) = 2t* + (4i — 5)t +4, Vie I,t € R.

Céac tham s6 ctia Thuat toan 2.1 dudc chon nhu ¢ Thit 1. Diéu kién ding

|z*H! — 2F|| < e v6i e = 1073, Két qua tinh toan thé hién tréen Hinh 2.3
v6i cac diém khdi tao 2%(¢) khac nhau.

0.6

=t 41
—— " (t)=t+1
05k =)= (1)
§D4‘ ]
%, 0.
< ¢
+ |
R |
< |
= |
:D.S- II
[=] |
@ |
&3 |
[} 1
= |
02} |
= \
I|
|
|II
01 r | ]
Ill\
T e S e S S S S S S S S S S S S S
0 1 i [ 1 U 1 T t
0 2 4 i) 8 0 12 14

Hinh 2.3: Két qué tinh toan véi cac diém khdi tao 2°() khac nhau.

2.4 Phuong phap chiéu dao ham tang cudng song song

Bai toan BEP(Q, f): Cho [ = {1,...,7},J ={1,..m}, S; : C —» C

14 anh xa 3;—ntta co, C la tap con 16i déng khac réng trong H, cac song
ham can bang f: C x C =R, ¢g;: C x C =R, f(x,z) =0,g;(z,2) =0
Ve e C.

Tim z* € Q) sao cho f(z*,y) > 0,

Yy € Q, (2.21)
vl Q = NierFix(S;) Njes S(c,g,) 12 giao gitta tap nghiém clia bai toan can
bang véi tap cac diém bat dong ctia anh xa nia co. Nhu ta da biét, khi

song ham g; la gid don diéu va lién tuc trén C, tap Q 16i, dong va rat kho
biéu dién dugc dusi dang hién.
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2.4.1 Thuat toan va dinh ly hoi tu

Trong phan nay ching toi sé trinh bay cac budc tinh toan ctia thuat
toan véi ky thuat xap xi dudi dao ham tang cuong va phép chiéu khoing

cach xap xi.
Thuat toan 2.3. Khdi tao: Lay diém bat ky 2° € C.
Cac buoc lap: k=1,2,...

Budc 1. Xay dung day cdc tham so

;

T € (0 5) Tk<’yk<m1n{%§72];(2ﬂ_:2)7%}a
O<a<oa”§mm{1 bi iEI},
<0<a<pkj§b<m1n{261,2% ]EJ} (2.22)

€ < Vi, Zzo:() 6% < +00,

| Do 7k = 100, D 52, V2 < 400, Y pe g VeTE < +00.

Budce 2. Tinh
(?Jf = (1 — apg)z® + o Si(a¥), Viel,

Yk = yfo, vdi iy € argmax{||yF — ¥ :i € I},
zf—argmln{pk]gj(y Y )+%Hy—yk\|2 :yEC}, (229
Z} = argmin { p;g;(2},y) + 3lly —y*I* 1y € C},

k

ij, vai Jo € argmaX{HZf — ¥ 5 € J},

\:L‘kﬂ € Pri(2F — ypub), ub € a5 f(2F, 2F).

Buoc 3. Dat k .=k + 1 va quay lar Budc 1.

Chu ¥ rang, Thuat toan 2.3 1a mot thuat toan md rong ctia Thuat toan
2.1 trong trudng hop g; = 0 véi moi j € J. Do vay, mot s6 ky thuat ching
minh dinh 1y hoi tu duéi day duge trinh bay dya trén ki thuat ching minh
cua Dinh 1y 2.1 va k¥ thuat duéi dao ham tang cuong. Mot vai ky thuat
chitng minh c¢6 tinh chat ké thita, xin dugc trich dan tir cac chitng minh
trude.
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Bo6 dé 2.6. (5, Lemma 3.1]) Cho C la mot tap con loi dong khdc rong
trong khong gian Hilbert thuc H. Song ham h : C x C' — R U {400} thda
man cac diéu kién:
e hiz,z) =0 vdi moi x € C;
o Voi moi x € C, h(w,-) 107 va khd dudi vi phan trén C;
e h gid don diéu trén C;

o h lién tuc kiéu Lipschitz vdi hing s6 v1 > 0 va v2 > 0.

2917 272

Khi dé, néu \ € (O,min{ L1 }), thi anh xa S zac dinh va vdi x € C,
: 1 9
Yo = argmin § Mz, y) + glly — 2|7y € O,

1
S(a) = avgmin { Ay, ) + gl — ol € C |
la tua khong gian trén C.

Dinh 1y 2.3. Cho f la song ham B— don diéu manh lién tuc yéu, 05 f(z, )
lien tuc L— Lipschitz trén C. Vdi moi i € I, cho anh za S; : C — C la
Bi— mia co sao cho tap Q # 0. Vi g; vdi moi j € J la gia don diéu,
lien tuc yéu, lién tuc kiéu Lipschitz vdi hing s6 c1j va cy;. Khi do cdac day
{a*Y {y*Y va {2%} sinh bdi thudt todn trén hoi tu manh tdi nghiém duy

nhat x* cia bai toan (2.21).

Chitng minh. Goi z* 13 nghiém duy nhat clia bai toan (2.21). Ta chiing
minh dinh ly theo cac bude sau.
Buéc 1. Ta c6 khang dinh

Vi 3+ w* 2
B4 VDo, (1=aio—Bi) (1= 5 —Sin I

(2.24)

v6i ap = ||2¥ — ¥, w} 1a phép chiéu cta 2* tren tap 93 f(z*,z*). Hon

arr1 < (1=7y)ap+

nita, limy, o [|[2771 — 2¥|| = 0, cac day {2*}, {y*} v& {2*} bi chan.
That vay, dat Ag(z) = 2 — .05 g(x, z) v6i moi x € C. Tt Cha ¥ 1.1, BO
dé 2.1, dieu kieén (2.22), ta c6

2" — &[] <[ (2" = p®) — 2" + e
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<[ (2" = wu®) = (2% — wi) | + vellwill + e
<p (Ar(2"), Ar(z)) + wllwill + e
<pell 2" — 2| + 2/ + il + e
<=7yl = 2| + (2 + wil]) + ex
<=7yl = 2| + (3 + wil), (2.25)

voi pr = /1 — (28 — v L?). Diéu nay c6 nghia la

* * : ?
ot — 22 < [(1 = rw) 2% = |+ (3 + )]

. 3+ [Jwi|1?
. [(1 )l -2+ T%M]
. 3+ w* 2
< (1 =7y ||2" = 2| + il TH el . (2.26)
Dat
. 1
2f = argmin {pk,jgj(:v, y) + §Hy —zlP:y € C}
va

. 1
S15(0) = avgmin { pjas (e, ) + Sy~ alP sy € €.
Tu Bo dé 2.6 va z* € Fiz(Sy;) v6i moi k € N, j € J, véi mdi k, j ¢6 dinh,
anh xa S;; 1a tua khong gian. Khi do,
125 = 2| = |z}, — 2™l = ISk (4*) = «*|| < [ly* —27|l, VkeN. (2.27)

Véi méi a € [0,1), dat T, = (1 — ) + aS;,. Stt dung Bo dé 2.4, ta c6

ly*

—z|)* =[lyk — 2*?
= HTak(xk) -z

<Jlz" = 2"|* = g (1 = angy — Big) 2" — Siy (") |I”. (2.28)

2

Két hop (2.26), (2.27) va (2.28), dan dén

\ w2, e+ [Jwil)?
|2 = 2| <(1 = T ll2* — 2| + :

<(1 =7y fla® — 2| +

*11\2
T

— aio (1= iy — Big) (1 — Ty0) 2" = Siy ()17
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. 3+ ||lwi|)?
S(l _7_71@)|‘$k — ”2 +7_'7k( H2 kH)

< max{||2" — 2”|*, K}

< max{]|2" — 2"|* K},

| *
K = ﬁsip {4+ |lwg]))*} < +o0.

Do d6, két hop v6i (2.24), (2.29) ta suy ra day {z*} bi chan. Tu (2.28),
suy ra ||y* —2*|| < [|2% —2*|) va {¢*} bi chan. T (2.27), day {«*}, {y*} bi
chén, ta thay {z"} ciing bi chan. Cha ¥ rang 2" € Prg (2% — yuh), 28 €
Pre(2%), nen,

0< kh_{élo |2 = 2F]| < kh_)rg@ [vel[u"|| + €x] = 0.

Nhu vay ta chitng minh xong khing dinh 6 Buéc 1.

Buéc 2. Xét cac truong hop sau:

Truong hop 2.1. Ton tai ky € N sao cho apy1 < aj v6i moi k > ko nén
limy o0 ar = A < +00. Két hop limy_, v = 0, (2.25), (2.27), (2.28), {z*}
bi chéan, ta co

lim ||2% — 2*||* = lim ||y* — 2*||* = A.
k—o0 k—o0

St dung dinh nghia ctia iy va 0 < a < ay; < 1_2& v6i moi i € I, (2.28) suy
ra

L= Bigy r & L —Big & k

TZOH% — a¥||? STOH%O —a*|?

_aio(1 = Biy)
2

<apo(1 = Biy — o) |2 — S ()|

<[lz* — 2" = [ly* — 2"

1S, () — 2|2

Khi do, limy o |yF — 2F||> = 0 va

0 <a lim [[Si(z")—2"|| < lim ay,)|Si(z")—2"|| = lim [jyf—2"|| =0, Vie I
k—o0 k—o0 k—o0
(2.30)
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Ap dung BS dé 2.6 véi

T= YT = N = P = o e = 2y = s S () = 2N h= gy

2% — |2

<lly" = 2P = (1 = 2ppoen)ll2f, = ¥FI1P = (1= 2pnoe2) 125, — 25, |7
<[ly* — "> = (1 = 2bex) |25, — y* 1> = (1 = 2be2) 125, — 25, ||

Bat dang thitc cudi duge suy ra tit diéu kien 0 < pg; < b < min {L L}

201 ) 202

véi moi j € J, k € N. Két hop diéu nay va jy = argrnax{”éj-C — ¥ 5 € J}

dan dén
1
0< i ’?_k<—1 N2 = 12" = 2*||?) = 0.
< Jim 12— A < T Jim (1 = o2 = [1* = 1P
Lap luan tuong tiu, ta c¢6 limg_ o szo — 2F| = im0 Hz — Z; H = 0. Khi
do,
. k k kil —
0 < Jim [ — ] < Jim [k o) + 125 — 4] = 0
Tt dinh nghia cua jo, ta thay
0 < lim ||ij — ¥ < lim ||2F =" = 0. (2.31)
k—o0 k—o0

St dung két qua ctia Buéc 1, {y*} bi chin, ta c6 thé gia sty — 7 € C,
va st hoi tu yéu clia song ham f ta suy ra

Do (2.30) nén x* — z. Do do, zjs — z khi s = oo v6i moi j € J. St dung

tinh ntta déng tai khong ctia S; v6i moi i € I, 2% — 2 € C va (2.30), ta
xac dinh € NierFiz(S;). Lap luan tuong tuy nhu chiing minh B6 dé 2.6

soe

VOl

. 1
Z = argmin {pk,jgj(y’“,y) +5lly =yl y € C} ,

ta co

i 955 y) — ;" 2] = (ZF—oF =), wyeCjel
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Trong bat dang thic nay, thay y = Z]]-“ € C, ta thay

e (9505 ) — g (", 20)] > (2 — o 2 — 2. (2.32)

Do g; lien tuc kiéu Lipschitz va biéu thic (2.32), ta thay

k395 (25, 25) Zpkilai (0", 2) — 950", 2] = ciprgllz] — 6FI1P = caprsllZf — 2511
> (2 — o, 2 — 25 — el — oI = comgllZh —
(2.33)
Do doé
o = argnin  pjo;(25.0) + gl — I € O
nhu vay

pri (9525 0) — gi(2), 2] = (& =", 2 —y), WyeCjeld (234)

Cong cac bat dang thiic (2.33) va (2.34), ta nhan dudc bat dang thiic sau:

Pi.j 95 j,y) <Zl'C — " Zf - Zf> cmijz —yF |1 - CgkaHZ — zkHQ
+(Zh—yF 2 —y), weC el
Do do,
Pks,jgj(zfs, y) > <Zf — ", Zf - 5f> — C1Pk, j |Zfs —y"|? — capn, |5;'€S - Zf i

J

+<z’?8—y’“8,z§“8—y>, VyeC,je

Cho s — oo trong bat dang thiic trén va sit dung tinh lién tuc yéu ciia g;,
gid thiét 0 < a < pp; < b va (2.31), ta thu duge

0 < limsup pr, ;g;(2}*,y) < g;(2,y), ¥y € C.

S$—00
Do do, x € ﬂjeJS(C, gj). Hay, z € ﬂigFix(Si) MNjes S(C, gj).
Tt u* € 05F f(2F, 2%) va f(2F,2%) = 0, dAn dén

flF %) = f(2F, %) — F(2F,2%) > WP, o — 2F) — 7. (2.35)

Két hop (1.4), (2.27), (2.28) va (2.35), v6i chu ¥ rang z*™ = Prg(2" —
vruF), ta thu duge

2" — & |* =[| Prés (28 — yu®) — Preg ()]
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<||2F — et — 2| + e

k_x*HQ k

— 2y (P, 2F — 2*) + AR + €
<||2F = 2*||” + 29[ f (2", 2%) + 7] + A |F| )P+ €

<||a¥ — ¥ + 29 f (25, 2%) + 297 + WP + €. (2.36)

Diéu d6 c6 nghia l1a
22% I < [lafo -2 \|2+2Zm+MZm+Z 2 k> ko,
1= k‘o 1= k‘o = k’o = k‘o

v6i M = sup{||u”||? : k € N} < +oo. Dudi diéu kien (2.22) va

lim inf [—f(zk,a:*)] = lim [—f(yks,a:*)] = lim inf [—f(yk,x*)} = —f(z,2") >0,

k—o0 5§—00 k—o00
ta két luan duge liminfy_,o[—f(¥*, 2*)] = 0. Mat khéac, do song ham f 1

f—don diéu manh, nén

0 <f(", )
= liminf f(2*, y")

k—o00
<liminf[—Blly" — " = f(y",2")]
=— BA+liminf[—f(y",2")] = —BA.
Do d6 A = 0, nghia la 2% — z*, y* — 2* va 2¥ — 2* khi k — oo.
Truong hop 2.2. Gia sit khong ton tai k; € N sao cho a1 < aj véi moi

k > ki. Khi d6, ton tai mot s6 nguyén duong ko sao cho ay, < ag,1. Tu
Bo6 dé 2.3, Maingé dua ra day {ag(} cta {a;} duge dinh nghia nhu sau

(k) =max{i e N: ky <i<k,a; < a1}
Khi d6, Maingé chi ra rang
f(]{) /‘ +O0,0 < ag < ag(k)ﬂ,ag(k) < ag(k)ﬂ, VEk > ko. (237)

O Buéc 1, ta da chi ra day {zf(k)} bi chan, c6 day con hoi tu. Khong méat
tong quat, ta gia st ring limy o0 agry = B < +oo va k) ~ 7 ¢ C. Tuong
tu nhu Truong hop 2.1, ta khang dinh duge z € Q va limy o f (2%, 25(’“)) =
f(z*;z) > 0. St dung (2.36) va tinh f—don diéu manh cta f, tic la,
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P, %) < = (@, ) — Bl — 27|, ta. 6
p+1 <aj + 27kf(zk; T*) + 29Tk + ’VJ%HUkH2 + E%
<ap + 2 [ (2", 24) = Bl — 2] + 2 + +A 2 +
(2.38)

Dan dén

2ye f (@, 228 <agy — agmysr — 270 Bl125E — 7|12 + 270 ven)

+ 7? [ Ezzg(k)

< = 29 Bl — @12+ 2reyvew) + v Ilu 17 + e,
Do Y07 0k = 00, Y peoVr < 00, Y pe g WeTk < +00 va day {u*} bi chan

chiing minh ¢ Buéc 1), ta suy ra
g

lim sup f (x*,zf(k)> =0= lim f <£E zg(k)) = 0. (2.39)

k—s00 k—o00

Tu (2.28), Cha y 1.1, gid thiét S—don dieu manh cta f, ta thu dugce
a1 =||Pri (28 — ) — Prés(a)|?

<[|2* =y’ — 2| +

=[[2" = @*® + 2yt 2" = 2F) + )P + €

<[|28 = &P+ 29 f (25, 27) + il + e
<27 = P 4 2 [ (", 20) = Bl2E = 2P+ e+ €
=(1 = 28m)[12" = 2"(” = 29 f (27, 25) + ¢l (* +
<(1—=28)ar — 29 f (2", 2%) + AN u|? + €.

Diéu nay nghia 1a

Ag(k)+1 = [1 — 2575(1@] ey — 2%y f (25, 20 4 VE(k)Hug(k)HQ + 62(/@-

Két hop dieu nay va (2.37), ta xac dinh dugc

agry < [1=267¢m)] aery — 2vem F (2 2) + 2 PP + €

Do do6
2Bagy < —2f (2", 2™ + v U™ 12 + ecn.
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Cho k — oo, ta thay limj_,. agry = 0, va limy o0 agry+1 = 0. Két hop
didu nay va (2.37), ta c6 limy_,o a, = 0. Do d6, {2*} va {¢*} hoi tu manh
t6i x*. Dinh ly duge chiing minh.
O
Tiép theo, ta gid st rang f,S;(1 € I) va g : C x C' — R U {+o0} thoa
man cac gia thiét:
(A1) Song ham f 1a f—don diéu manh, lién tuc yéu va 95 f(z,z) lien tuc
Lipschitz trén C' v6i hang s6 L > 0 véi moi € > 0;

(Ag) Cac anh xa {S; : i € I} 1a B;—niia co;

(A3) Song ham ¢ gia don diéu, lien tuc yéu, lién tuc kiéu Lipschitz véi cac

hang s6 ¢; > 0, co > 0, g(x, ) = 0 véi moi x € C.

Néu S; (i € I) 1a 4nh xa dong nhat va g; = ¢ (j € J) thi ta ¢6 he qua
cua Dinh Iy 2.3.

Hé qua 2.1. Cho cdc day so duong {px},{ex}, {1}, {7} thoa man cdc

b

dieu kién sau:

9
m

0,5),0 <71 < Ve < min {i—g, ZL(QB__;),

i

€ < 71477220:0 6% < 400,

\ZZO:O Vi = 400, rey 713 < 400, D il YTk < 400

Khi dé, cac day {:ck}, {yk} duoc xdc dinh theo luge do lap sau day:

(

2’ e C,
y" = argmin {prg(c*,y) + 3lly — ¥ : y € C},
X (2.40)
k

2F = argmin { prg(y*,y) + 3lly — ¥y € C},

zhtl e Prg“(zk’ — yuf), uk € aF f(2F, 2F),

\

hoi tu manh tdi nghiém duy nhat cia bai todn can bang hai cap (2.21).

Khi g; =0 (j € J), bai toan (2.21) ¢6 dang bai toan can béng trén tap
diém bat dong ciia anh xa nita co S; (i € I). Theo Dinh Iy 2.3, lugc do lap
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clia bai todn (2.21) va sut hoi tu ctia cac day lap sinh béi luge dd duge thé
hien qua khang dinh sau

Hé qua 2.2. Gid st rang cic day {2}, {z*} duoc zdc dinh nhu sau:

.

2’ e C,

k_ ]_—O(Z-xk—f—Ck iSil'k, VZGI,
Jub = (= et + aniSifah) (2.41)

y* =yl wdiiy € argmax{||yf — 2" :i € I},

"€ Prif(yt — yul), ut € 5 f(y ).

\
Cdc day tham sé duong {cu;}(i € I),{er}, {w}, {7x} duoc chon théa man
cac diéu kién sau:

p
T E (076)70 < Tk S T < min {%_ga 2525_:2)7%} )

O<a§ak,i§min{1_7ﬁi:ief},

€ < Yy Do € < 00,

\Zzozo Vi = 400, peg V2 < 400, > reo YTk < +00.

Khi dé, cdc day {x*}, {y*} hoi tu manh tdi nghiém duy nhat z* cia Bai
todn (2.21).

2.4.2 Tinh toan thuc nghiém

Trong phan nay, chting t6i trinh bay mot s6 tinh toin s6 minh hoa cho
cac budc tinh toan cta luge do (2.40), luge do (2.41). Céac chuong trinh
tinh toan dugc thyce hién trong moi truong MATLAB R2014a trén PC
Intel(R) Core(TM) 15-7360U CPU @ 2.30GHz 8.00GB Ram. Ching toi
cling so sanh sy hoi tu clia cac day lap sinh béi cac luge do tinh toan de
xuat (2.41) véi phuong phap kiéu dusi dao ham duge dua ra bdi liduka
H., Yamada I. trong [46, Algorithm 3.2, Scheme (2.3) va Thuat toan xap
xi co trong [42, Algorithm 4.1], Scheme (2.40) va phuong phéap duéi dao
ham xap xi ciia Anh P.N. trong [15, Algorithm 2]. Trudc tién, ta xét vi du
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Vi du 2.1. [13, Example 5.1] Xét C la tap da gidc loi xdc dinh bdi
(

5
xr € RY,

C = 0.1< 1‘1,0.1 < 5,1 < 1, Vi = 1,...,5,

1+ 229 + 313 + 4y + D25 < 3.
\

Anh za S : C — C dude cho nhu sau

1 1
S(z) = <§x1,sin Z9, 51‘3,114,81113 a:5) .

Song ham can bing f : R> x R> = R ¢6 dang
fla,y) = (F(z) + Qy +q,y — x),

vdi A, B, D lan lugt la cdc ma tran vudng, ma tran phdn zing, ma tran
duong chéo cd 5 x 5; ma tran Q = AAT + B+ D dugc tao nhu trong [13];
q la mot vecto trong R®, n > 1+ ||Q]|, va

F(z) = (nz1+nzo+sinxy, —nxi+nxe+sinxe, (n—1)zs, (n—1)x4, (n—1)x5).

Khi do, f la song ham don di¢u manh véi hang s6 8 =n — ||Q] — 1
(n > 14 ||Q]]). V6i mdi z € R, dudi vi phan theo bién thit 2 ctia f dugc

xac dinh nhu sau:

O5f(z,z) ={F(x) +Qr+q}, Ve>D0.

R& rang, 95 f (z, z) lien tuc Lipschitz v6i he s6 lien tuc L = /2(2n2 + 2n + 1)+
1Q]]. Luge do (2.40) giai bai toan (2.21) ¢6 dang:

)
20 e C,

yi = (1= ap)z" + apS;(a¥) i=1,2,

Yk = yfo, v6i ig € argmax{||yF — 2%|| i = 1,2},

ub = F(2%) + Qa* + ¢, 2" = Pri(yF — ypub),

\
Ciing nhu cac phan da trinh bay & trén, v6i sai s chap nhan dudc e cho
trude, ta c6 khai niem e-nghiém cua (2.40) va (2.41):

max{[ly" — 2", 2" — 2"} <e.
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Cac dit lieu dau vao nhu ma tran A, vecto ¢ dugce sinh ngau nhién deu
trong khoang (—3,3), ma tran D sinh ngau nhién trong (0, 1) bdi cac cau
lenh trong MATLAB:

A =6xrand(5,5) — 3, B = skewdec(5,1), D = diag(1 : 5).

Chon 7 := 50 + ||Q|| = 104.8319, 8 = 5 + 9.3213. Thong thudng, néu

KLyl [y — 2|} < e, thi 2 dugc goi 1 e nghiem ciia bai toan

max{ ||z
(2.21). Cac tham s6 khac va dit lieu tinh toadn trong méi budc lip duge

chon nhu duéi day:

(i) Luge do (2.41): ay ::OOl—i—m veimoii=1,2,¢, =7, =0,y =

7k+1O,V01 moi k € N, diém khéi tao 2° = (0.25,0.35,0.0,0.1,0.3) .

(ii) Phuong phap kiéu dusi dao ham (STM): 2° = (1,1,1,1,1)7, py =
[2°l], ex = 0,6* = F(y*) + Q22" — y*) + ¢ € dof (y*,2"). Ro rang
M < L+]|Q|. Ta chon M = 2L + ||Q|, M\ = 57z € (0, $=). Tai mdi
budc lap, y* € Cp, :== {x € R® : ||z| < pr + 1} théa man diéu kién
f@*, 2%) > 0 va max{f(y,z") : y € Ci.} < f(y*,2%) + e. Khi do, y*
dudce xac dinh 1a

yF = argmin{—f(y,:ck) TS Ck} .

Thuat toan ditng khi ||z*+! —y*|| < e. Két qua so sanh dugc thé hién trong
Bang 2.2.

Vi du 2.2. Trong vi du tiép theo nay [44, Example 5.1], ching toi so sanh
cac thao tac tinh todn cia dudi dao ham md rong dudi dao ham (SubExtr)
vdi Thudt todn zap zi co 4.2 (ContrPA) trong [42]. Xét C = {x € R3 :
|z|| <3}, f(z,y) = (Az + By + d, Py — Px) vdi

5 21 4 1 2 4 21 1
A=106 1|,B=|03 1|, P=]25 3|,d=|2
1 27 215 1 36 3

Cho cac tap

Dy = {z € R® : 11 + 2x9 + 313 — 46 > 0},
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Lugc do6 (2.41) STM

Problem Iter. CPU(s) Iter. CPU(s)

87 11.0156 178 28.9063

—_

2 87 10.1250 174 28.6875
3 88 9.7813 168 27.2813
4 85 8.5469 172 27.5000
5 90 7.4063 177 30.3281
6 89 7.9375 176 28.8594
7 88 7.9375 171 27.1406
8 87 8.2813 175 28.0625
9 86 7.0094 178 27.8438
10 92 8.1031 170  27.2656

Béng 2.2: Két qua so sdnh clia luge do (2.41) va thuat toan dudi dao ham véi sai s6 € = 1073.

Dy = {zx € R®: 22y — 229 + 23 — 5 > 0},
D3 ={r € R®: 2z, + x5 + 235 — 6 > 0}.

Khi do, anh xa

1 211 1 1
T(z) = Pr¢ {5:1: + 3 |:6PTD1 (x) + gPT’DQ(Qf) + EPTDB(x)] } . VzeR?

la anh xa khong gian. Vi H = {x € H : {(a,z) < b,a # 0}. Phép chiéu
clia vecto x bat ky trong H trén H c6 dang

{a,x) —b
Pry(z) =a — T a.
Nhu vay, Prp,(z)(k = 1,2,3) ¢6 dang hién. Khi d6, f la song ham don
diéu manh v6i cac hing s6 8 = |PT(A — B)||; f lién tuc kieu Lipschitz v6i
cac hing s6 ¢; = ¢y = 1||PT(A - B)|.
Bay gio, ta xét bai toan (2.21) véi f; =0 (j € J), S; =T (i € I). Trong
ca hai luge do, ching toi st dung diéu kién ding la |28+ — 2F|| < 1073,

Cac tham s6 tinh toan va Oof duge chon nhu sau:

e Lugc do SubExtr: B; =0, oy, = 0.0001 + ﬁﬁk -
Oaf(y",y") = {P[(A+ B)y" +dl};

1
100k+55°
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SubExtr ConitrPA

St. point 20 teer. CPU(s) Iter. CPU(s)
0,0,0) 30  2.0469 28 2.7406
0,1,0 50 3.8281 29  2.9375

)
) 34 25313 39  3.2969
) 53 4.0000 42 3.0313
) 39 29219 41 3.2188
1,0,1) 35 26250 40 3.4688
) 53 3.9844 41 3.0469
) 60 4.2344 44 3.2344
) 45 3.3281 42 3.2656
) 33 23750 47 4.6927

Bang 2.3: Két qua so sanh trong vi du 2.2.

e Thuat toan ContrPA: \;, = 0,%2%1 vol moi k > 1.

Két qua thyc hieén tinh toan dugc ghi trong Bang 2.3.

Vi du 2.3. Cho H = R". Song ham can bang f xdc dinh nhu trong Vi du
2.1. Cho cdc ma trgn P, P, (P la mia doi zing zdc dinh duong); P — P la
nita zdc dinh khong am. Song ham gid g, mién zdc dinh C duogc chon nhu

duoi day

g(z,y) = (Pr+Py+py—a),C={z€R": ~1 <2, <1, Vi=1,..5}
(2.42)

Khi do6, g don di¢u va lien tuc. V6i méi z € R", g(z,-) 1a 161 kha vi
trong R”, he s6 lien tuc kiéu Lipschitz véi cac hé 86 ¢ = co = §||P — P|.
Cac ma tran dau vao A, B, P,p, ¢ dudc sinh ngau nhién va déu trong
(—3,3), £ = 58, ma tran duong chéo D dugc sinh ngau nhién trong khodng
(0,1), P =3P — I v6i I 1a ma tran don vi.

Tham s6 va dit lieu tinh toan trong moi thuat toan dude chon nhu sau:

e Lugc do (2.40):n=&—1—Q|, px = m,% = o> dieu kien

dimg max{||y* — 2*||, [l2"*" — 4|1} < &
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Scheme (2.40) ASM
Test prob.  Dim.No. rer. CPU(s) Iter. CPU(s)
1 n=>=5 7 1.1406 14 1.4688
2 n=>5 12 2.8438 12 1.3906
3 n =10 12 2.8281 148 20.2969
4 n=10 10 23750 36 3.7969
5 n=15 14 37500 76  9.1875
6 n=15 16 4.8125 113 17.2188
7 n =20 19  5.7188 360 56.4844
8 n =20 18  5.0469 281 43.9688
9 n=25 17 5.5156 126 20.3281
10 n=25 16 4.9844 409 54.6601

Béng 2.4: Két qua tinh toan ctia Luge do (2.40) va phuong phap (ASM) v6i sai s6 € = 1073,

e Phuong phéap dudi dao ham xap xi (ASM): n =5+ [|Q]],

& = i Ak = 200, B, = = v6i moi k € N. Khi do,

u* e of(y* y") = {F") + QyF +ql,
w € og(a”,2") = {(P + P)a" + p}.

Di¢u kién diing ctia cic thuat toan 1a [|z*! — 2| <.

Vi du 2.4. Trong vi du nay, zét H la khong gian Hilbert vo han chiéu
1

H := L*([0,1]) vdi tich vo hudng (z,y) = [x(t)y(t)dt vdi moi z,y € H
0

vdi chuan va tich vo hudng

2

ol = | [ letoar

Tap kha thi C = {x € H : ||z|| < 1}. Song ham gia g; : Hx H — R ¢o
dang g;(z(t),y(t)) = (max{0, z(t)}, y(t) — x(t)) vdi moit € [0,1],5 € J va
x € H va ham kiéu Lyapunov f(x,y) == ||z — y||*> + (nz + &y + q,y — o),
voin > &+ 2.

Khi do, ta co
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+y+Eztq,z—y) — ||z — 2|
m—&§—2)(y —2,2—y)

>m—&—=2)|ly —z|l||lz — vl
n—§—2 n—§—2
ZTHy — x|’ + THZ —yl%.

Do d6, f 1a lien tuc kiéu Lipschitz véi cac he s6 ¢ = ¢; = =52, Vi mdi

x,y € H, ta co

fly)+ fly.z) =z —yl*+ (nz + &y + ¢,y — ) + |z — y?
+ (ny + & +q,x —y)
=—(n—&=2)lz —y|*

Nhu vay, f 1a (n — £ — 2)—don diéu manh, 9% f(x,z) = {(n + {)x + q} 1a

lien tuc Lipschitz véi hé s6 L := n + £ v6i moi v > 0. Ro rang gj la tua
1
5.

Cuang nhu vay, xét cic nia khong gian: H; := {z € H : {(a;,x) < b;},
a;,b; € H, (i € I := {1,2,3}). Hon thé nita, ta dinh nghia 4nh xa S; =

PrcPry, i € I 1a danh xa nita co véi hang s6 §; = 0. Chu y rang, véi moi

don diéu va lién tuc kieu Lipschitz véi cac hang s6 ¢1; = cg; =

x € H, Phép chiéu ctia x trén H; dugc dinh nghia nhu sau:

<ai,I>*bi ) PS )
— S neux ¢ H;

Pry.(z) =
x néu xr € H;.

Chon
a;i(t) = (20 + 1)t +3,b;(t) = 2t* + (4i — )t +4, Vi€ I,t €R,
ta tinh ducgce

ij = Prc[yk—pm 1r118b><{0,yk}],2;-€ = Prc[yk—pk,j max{0, zjk}],uk = (n4€) 2"+,

BN

va

" = Prol2h — yulf).

Cac tham s6 ctia Thuat toan 2.3 duge chon nhu sau
1

1
i - . 1 , A . 5 = —
ay; = 0.0001 + E 1 Prj = 0.5, 7% 100k 755

5k +
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—*—x0(t)=2t+5
L=+ H
—+—xA(t)=1/(t+1)

RSk 1 L
0 5 10 15 20 25
Elapsed Time [sec]

Hinh 2.4: Ké qua tinh toan véi cac diém khéi tao 2°(¢) khac nhau.

Dicu kién hoi tu 1a |25 — 2F|| < € véi € = 1073, Két qua tinh toan dudc

cho trong Hinh 2. 4 v6i céc diém khéi tao khac nhau 2°(¢).

Két luan

Trong chuong nay, ching toi da trinh bay hai thuat toan méi dé giai
bai toan can bing trén tap diem béat dong. Thuat toan thi nhat 1a Thuat
toan chiéu song song duéi gia thiét f 1a don diéu manh, lién tuc yéu. Thuat
toan thit hai giéi thieu Thuat toan duéi dao ham song song. Cudi chuong
trinh bay phuong phap chiéu xap xi song song l1a su mé rong ciia phuong
phap thit nhat véi giad thiét song ham f 1a nita co. Sy hoi tu manh clia cac
day lap sinh bdi cac luge do tinh toan dude chitng minh trong cac Dinh 1y
2.1, Dinh 1y 2.2 v& Dinh 1y 2.3. Mai thuat toan dé xuat déu c6 mot s6 vi
du minh hoa cac budc tinh toan trong cac luge do lap va so sanh v6i mot

sO thuat toan clia cac tac gid khac da duge cong bo.
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Chuong 3

Phuong phap duéi dao ham quan
tinh

Trong chuong nay, ching toéi gidi thiéu thuat toan lip mdi giai bai
toan can bang (2.1) trén tap rang buoc la giao ciia cic tap diem bat dong
cua anh xa nuta co trong khong gian Hilbert.

Thuat toan thi nhat c6 st dung mot s6 ki thuat méi, ching han nhu
phuong phap huéng giam lai ghép va ki thuat dusi dao ham, dé giai bai
toan can biang trén tap diém bat dong FEP(Q, f). Hon thé ntta, sy hoi
tu manh cta day lap sinh bdéi Thuat toan duge chiing minh trong Dinh ly
3.1 v6i cac dieu kién trén cac tham sb.

Thuat toan thi hai 1a sut két hop ciia ki thuat ngoai suy quan tinh nham
tang toc do hoi tu ctia thuat toan, ki thuat chiéu song song va nguyén ly
bai toan phu gidi bai toan can bang trén tap diém bat dong FEP(Q, f)
v6i Q = NjerFix(S;). Cang nhu cac phuong phap bai toan phu giai bai
toan can biang, cac ky thuat song song, cach tiép can gan ké quan tinh cho
bai toan bat dang thiic bién phan dé giai bai toan can bang véi cac anh xa
nita co S; (i € I), phan nay gom 3 kj thuat chinh. Thit nhat, st dung ky
thuat lip quan tinh véi cac day lip «¥, 2! cho budc tiép theo. Ky thuat
tu diéu chinh dé tinh do dai buéc va cac tham s6 quan tinh. Thit hai, st
dung k¥ thuat song song trén tap diém bat dong ciia ting anh xa. Thit 3,
day lip 2! dugce tinh dua trén nguyen 1y bai toan phu va phuong phap

lap Mann. Sy hoi tu manh ctia day lap sinh béi thuat toan dé xuat dugc
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chiing minh trong Dinh 1y 3.2.

Phan cudi 1a cac vi du s6 minh hoa cho cac buéc tinh toan ctia phuong
phap dua ra. Noi dung ctia Chuong 3 duge viét dya trén bai bao [CT2],
[CT3] trong Danh muc cong trinh khoa hoc da cong bo.

3.1 Phuong phap duéi dao ham quan tinh
3.1.1 Thuat toan va dinh ly hoi tu

Dé gidi bai toan can bang trén tap diém bat dong FEP(Q, f), ta gia si
song ham f, cdc 4nh xa Sy, (k € I) déu xac dinh trén toan bo khong gian

H va cac tham s6 théa man cac dieu kién:

(A1) Song ham f la f—don diéu manh, kha duéi vi phan theo bién thi 2,
O f (x, x) compact va lién tuc L—Lipschitz.

(Ay) Vi méi k € I, cac anh xa Sy 1a & —niia co va thda man dieu kién (Z),
Q = ey Fix(Sk) # 0.

(A3) V6i moi k > 0, cac tham s6 duong By, Vi, Tk, Mk, fx thoa man cac dieu
kién:

(

O0<cr <Bpr <<l <n,
o € (0, 1— fk],il’lfk ar > 0,
0< e < ]-7khm Ve = 07220:17147 = 00,
—00

lim % = 0,0 € (£,3) 0 € (0,1), VT-208+ N2 <1-a

\ k—o0 Tk
(3.1)
Thuat toan 3.1. Khdi tao: Lay cic diém bat ky 2°, 2! € H.
Cac buoc lap: k=1,2,...
Buéc 1. Tinh tham so6 qudn tinh
. Tk 4 k k—1
min < fp, —————— ¢ neu ||z¥ —x 0,
oo | o e o) 17 5.2

" nguoc lai.
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Budc 2. Tinh
wh = 2k 4 O (zF — 2D,
Spw® = (1 — o) w® + agSpwt,
yb e o f(wh wh)
2 = (1 — v)Spwk + 1 [wk - )\kyk] ,
Sp2b = (1 — ag) 2" 4+ apSi2F,
P = (1= B Skt + BuSik

(3.3)

\

Budc 3. Dat k =k + 1 va quay lai Budc 1.

Bo dé 3.1. [72, Lemma 2.6] Cho {s;.} la mot day cdic s6 thuc khong am
va {pr} la day cac so thuc. Cho {ax} la day cdc so thiic trong khodng (0, 1)
sao cho Y 12 ap = +oo. Gid st ring
Spa1 < (1 — ag)sp + agpr, k€N
Néu limsup,_, . pr, < 0 vdi moi day con {sy,} cia {sx} théa man
liminf(sg,+1 — sx,) > 0,
1—00
thi limy_oo S = 0.

Su hoi tu manh ctia ciac day lap sinh bdi thuat toan duge chiing minh
trong Dinh 1y 3.1

Dinh 1y 3.1. Gid st cdc gid thiét (Ay) — (As3) théa man. Khi dé, day {z*}
sinh bdi Thudt todn 3.1 hoi tu manh tdi nghiém duy nhdt * cia bai todn

FEP(Q, f).
Chatng minh. V6i mbi A, > 0,9y* € Oof (w*, w) va y* = Pr52f(x*’x*)(yk),
theo dinh nghia dudi vi phén, ta co
f(ZE*,wk) - f($*,l'*) :f(.??*,wk) 2 <y*7wk - $*>,
fw® a) = fw® wb) =fw* 2*) > yF 2" — w").
Cong vé vé hai bat ding thic trén va st dung tinh don dieu manh cla

song ham f, ta thu dugc

(" =y 2" —w') < fla', ) + fluh,2”) < —Bllw® — 2.
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Do Oy f(x,z) 1a lién tuc L—Lipschitz trén H, ta c6

[w" — 2> = 20 (y" — " w* — %) + Aflly* — 7|
<[lw" — 2*|* = 2\ (y" — v 0" — 27
+ AiPQ (an(wk7wk)7 an(CU*, SC*))
<[lw" — 2*||* = 2\ 8[| w* — 2| + N L |[w* — 27|
=(1 =208 + N L) " — 1%,
nghia la
* * 2 *
H[wk — Myt = [ = Ay "< (@ —2)\8+ N LY ||wh = z*|2 (3.4)
Nhu ching ta da biét, song ham f don diéu manh va tap Q # 0, do

dé bai toan FEP(Q, f) c¢6 nghiem duy nhat z* € Q. Theo Bo dé 2.4 va
z* € Fix(Sk), ta ¢

1Sk — 2|1 < " — 2| = a1 = & — an) [Spw® —w*||? < [ — 2|
(3.5)
Két hop luge do (3.3), (3.4), (3.5) ta xac dinh duge

k

25 = 2*|| =](1 = ) Siw” + , [0 = Ny*] — 2|

+ (1 = ) 1Spw* — 27|

< ||[w* — Aey*] — 2
< || [w* = AT = [t = M|+ A I+ (1= ) [[Skw” — 2|
<ey/T— 208+ L2t — 27 + e 7 + (1 — ) — 2]
=[1 = (1 = o)l — 2" + wArllyll, (3.6)

Vi 0 := /1 — 2\g8+ A2L% € (0,1 — a). Chitng minh tuong tu nhu (3.5),

ta co
152" — 2*|> < |28 — 2*)1? — an(l — & — o) |Sp2" — 2°|* < || — 27|,
Két hop bat dang thiic nay, (3.1) va (3.6), thu duge

|27 — ¥ =||(1 — Br) Skw" + BpSiz" — 27|
<(1 = B)|Skw” — 2| + Bx Ske" — 2|
<(1 = Bp)llw® — z*|| + Bi|z" — 27|
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<[1 = Beyr(1 — )] |w* — z*|| + Bevedelly’|
<[1 = Biw(1 = 8] (l2* — & + Opll* = «* )

26]ly”|
+ B2
<[1 = Bem(l = op)]ll=" — 2|
Ok & k—1 28|ly" |
B (el = 41+ 22

<[1 = Brve(1 = 0p)]ll=" — 27|

+ Brve(1 — d¢) ( U

28|y ||
aBrVk 2

ko k-1
B

Tu Budc 1, dieu kién (3.1), ta suy ra

0
0< 2o — b1 < 2 50 khik — oo

= Br vk 1Yk
X 0 *
Diéu nay nghia la M = supk{ d 2% — 2F L + %} < 4o00. Khi
aBr Yk
do,
|2 — 2" < [1 = Brww(1 = 0)]l2* — 2| + Beye(l — 1) M
< max {||z" — 2*||, M } .

Nhu vay

2% — 2*|| < max {||z —2*||, M}, Vk>1.

Do do6, {z*} 1a day bi chan.
Tit (3.3) ta thiy ||w" — 2¥|| = 6;||z" — 2¥ | < +00. Ap dung (3.6), ta
suy ra {zF} va {w"} 1a cac day bi chan. Tit (3.4) va bat dang thiec
lz +yl* < llel® +2(y, 2 +y), Va,y € H,

ta co

125 — 2% = [|(1 = ) (Sp® — &%) + i’ — Ay — (2 = My")] = wdey” ||
<1 =) (Spw® — 2%) + wlw® — My — (2% = My
— 2 A (A(x¥), 2 — 2*)
<(1 =) ISkw” — 2* |1 + yillw® — My® — (2% — My
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— 2%k (y", 27 — o)
<1 =)l — 2| + ndpfw” — 2| = 2ply”, 27 — )
< [1 — (1 — 5,%)} |w® — 2*||> = 2y (i, 2° — 2*). (3.7)
Vi wh = 2F + (2% — 2¥71), nen

o2 = = P Gl — 2 4 20t — o, o — o)

< la® = 2P+ |t — 2P + 20,2 — 2| |2t — 2.
(3.8)

lw

Ap dung B6 dé 2.4 véi z* € Fix(S;), (3.7), (3.8) va dinh nghia 2" trong
(3.3), ta xac dinh dugc

"+t — 2P =[1(1 = Br) (Spw" — &) + Bi(Spz" — 2)|?
=(1 = B) | Spw" — & |1* + Bl Sp2® — o™ ||?
— Br(1 = B)1Sw® — Si2*1?
<(1 =Bl — 2| + Bl 2" — 27
— Br(1 = Bi) || Skw® — Sp2*|1?
<(1 = B)llw® = a*|* + BilL — (1 = o) fJw® — 2"
— 2B (y*, 2" — 2%y = Br(1 = Br) || Sk — 52" |?
=[1 = Byl = op)]llw" — 2|1 = 2By (y, 2 — =)
— Br(1 = B)1Sw® — Si2*1?
<[1 = Bryi(1 = op)]lla® — 2™ ||* + G3l|* — 1|2
+ 204" — 2*[[[|2* — 25| = 2By, 2* = 27)
— Br(1 = Bi)[|Skw" — Sp2*|? = Br(1 = B) [ Spw — S2®||?
<[1 = B (1 = )" — 21> = Br(1 = Bi) [ Shw” — Si2"||?
+ By (1 = 07) o, (3.9)

1 02 26
{ e S T z—x>}
—0r 2 Bk
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<t
~a(2—a)

o)
+wﬁ—mw(—iWﬁ—ka)}
C1Yk

C17Vk

* * 9 — _
{—2&@,%—x>+(—KWﬁ—xkw)@w*—ﬁlu

O trén ta da ching minh duge day {2*} 1a day bi chin, nén sup, o < +00.

Nhu vay

2" = 2" < [1 = By (1 = Pl2* — 271 = Be(1 = Bi)l| Srw” — Sp2"|?

+ ﬁ/ﬂ/k(l — 5]%)‘%-

Ap dung B6 dé 3.1, bat déng thitc (3.10) cho

sp = || — 2*||% o == Bey(L — 62) € (0,1), pp := o,

ta co
Skr1 < (1 — au)si + appi.

Gia st rang {sy, } 1a day con ciia day {s;} sao cho

liminf (sg,11 — sg;) > 0.
1— 00

Khi do, st dung dieu kién (3.1), (3.10), ta suy ra

0 <e¢p(1— ¢o) limsup HS’kwk — Skizki 2

1—00

< limsup S, (1 — B,) Hgkiwki — S, 2

1—00

2

< lim sup [sk — Skt + B (1 — 513:1')0}

1—00
S lim sup (S/{?i - Sl{?i-f—l)
1—00

= — liminf (sg,+1 — si,)
71— 00

< 0.

Do do,

lim Hgkzwkl — S’kzzk‘

1—00

Mat khéc, luge do (3.3) cho thay

= 0.

1% = Skw® || = wllw® — Aey* — Spwl,

(3.10)

(3.11)
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I+ = Any”
Nhu vay, tit (3.8), day {z*} bi chan, din dén day {w*} cfing bi chin. Ma

lim v, = 0 suy ra
k—o0

lim Hz (3.12)

1—00

Tit cach xac dinh anh xa Sk, Sk,2" = (1 — ay,)2" + ag,Sk,2", (3.11) va
(3.12), ta c6

(0975 Zk -

<"~

—0, khi i — oo. (3.13)

Két hop (3.13), gia thiét infy ag > 0 dan dén

2" — (3.14)

Bay gio ta sé chi ra limsup p, < 0. That vay, tit diéu kien (3.1), ta thay

1—00

Pk =0k

O
< — 2\ * kx E k-1 0 k k-1
S|~ 2 -+ (et - ) et - A

0
+ 22" — 2| (—k | —x’f—lu) }
C17Yk

1 E_ k=1 9 X
S—{ — 2Nyt -ty + (“’“”x i Hx i ”) }
a(2 —a) Vk C1

Vi, € (%, i@) cac day {z*}, {yz} bi chin, nén limsup, . (y*, z —zk’ ) <

0 suy ra limsup pg, < 0. Hon nita, day {2*} ciing bi chin, khong mat tong
1—00
quat, ta gid st ton tai mot day con {z%} ctia {z%} sao cho 2% — z va

lim sup(y*, * — 2") = lim (y*, 2* — 2").

i—00 100

Tu (3.14), dicu kien (Z) cia day {S;} suy ra z € Q. Do do,

lim sup(y*, % — 2") = (y*, 2* — ) < 0.

1—00
Ap dung B6 dé 3.1, ta két luan duoe ¥ — 2* khi k — co. Ta ¢6 diéu can

chiing minh.
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3.1.2 Mot sb tinh toan thuc nghiém
Trong muc nay, trude tién ching toi sé thic hien mot s6 tinh toan minh
hoa su hoi tu manh ctua cac day lap duge sinh ra tir thuat toan. Sau do,
dé chi ra tinh hiéu qua ctia ctia thuat toan, ching toi chon so sanh Thuat
toan dé xuat véi Phuong phap chiéu song song (PPA) trong [7, Scheme
(3.1)] va Phuong phap dudi dao ham song song (PSA) trong [7, Scheme

(4.1)].

Vi du 3.1. Trong H := ls, cic anh za S;, f : H x H — R duogc cho nhu
dudi day:

ly := {3: (1, 29, ...) Zx <+oo}

f(mvy) = <A(l'),y - £E>,A(ZE) = (2%1,1’2, 2%3, EEEE) 2x2i—lax2i7 )T S H7
Six =,

S;r = {y e H: Y2; = T25,T2j—1 = 0, Vj > 2}, Vi > 2,
vdi moi x,y € H,i € I :={1,2,...}.

R6 rang anh xa Sy 1a 0—nita co, k € I, song ham f 1a 1—don diéu manh,
Oof (z, ) lien tuc Lipschitz v6i he s6 lien tuc L = 1. Tap diém bat dong

chung €2 dugc xac dinh nhu sau:
Q= ﬂkeIFiX(Sk) = {x = (xl,xz, vy T9-1, T24, )T eEH:x291=0, V2> 1} .

Chon yup = 1,6k = 5.9 = ™ = 77 M = 15k = 3 € (0,1 = &] véi
& =0, do d6 /1 -2\ + N2 = % € (0,1). Lay mot day bat ky

{a¥ .= (zF, 25,...)7} sao cho lim ||Spz* — 2%|| = 0, ta c6
k—o00

0 = lim [|Spa® — 2|
k—o0

= lim ||(z},0,2%,0,...,25 ,,0,..)7
k—o00

= lim 4/ (z})2 + (25)2 4+ ...+ (2, )2 + ...

k—o00
Diéu nay cho thay {2*} hoi tu manh t6i mot diém nam trong €, nhu vay,
diéu kien (Z) dugc théa man. Lay 2%, 2! € H. St dung Thuat toan 3.1,



73

v6i moi k > 1, ta ¢o

0, = min {1, (k+1)a}€—xk—1||} khi ||xk _ g;k—1H — 0, ngudc lai 0, = 0,

wk: :xk + Qk(:pk o :L‘k_l)

Zl :(1 — vl)glwl + ’71[101 - )\lA(wl)]
=(1—7)S1w! +mw' — MA@

=— + — —=A
251w 5 [w 5 (w )]

(T 7w1 17, T
10 V20 27710 % 1’20 2ir

=\ 7wl ey ——— Vk > 2
<1O(k+1)w1; 10w27 ’].O(k'—‘— ) Wo; 1, 10'LUQZ, , > 2,

va

2% =(1 - p1)Siw' + 552"
1 1_
2521 + 53121

2(1 — ﬁk)gkwk + Bkgkzk
1

— 3
22’ +2 kZ

4—k ol g 4 —k " T . T
=\ 5n77 — ey ——————— k> 2.
<20(k —|— ]_)fu}l7 101027 ) QO(k + 1) 22 1> 10w227 y V =

Vi du 3.2. Trong vi du nay, zét H := R°, cdc dnh za S; : R — R>(i =
1,2,...) dugc xdc dinh nhu sau: vdi moi x = (11, s, ...,25) € R®,

1 T
Six = (xl, sin xo, gﬂ?g, 4, sin® :E5> ,
-
1 , o 1
Spr = x1,§x2,81nx3,sm x4,1x5 ., Vk>2.

Song ham f : R®> x R> — R dudc cho dudi dang

fz,y) = (F(z) + Qy + ¢,y — z),
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vdi A, B, D lan lugt la cdc ma tran vuong, ma tran phdn zing, ma tran
chéo 5 x 5 va ma trin Q = AAT + B+ D (zem [9, 14]), q la vecto trong
R®. Voin > 1+ Q| dnh za F duoc zdc dinh bdi

F(x) = (nx1+nzo+sinxy, —nxi+nre+sinze, (n—1)xs, (n—1)z4, (n—1)x5).

R0 rang, song ham f 14 don diéu manh véi he s6 8 =n —||Q]| — 1 vdi
diéu kien n > 1 + ||Q]|. V6i mdi vecto z € R, dudi vi phan cta f duge

tinh nhu sau:

Of(x,z) = {F(z)+ Qz +q} = 9" = F(w") + Qu”* + q € oo f (w", w").

Va 0y f (x, x) lien tuc Lipschitz véi he s6 Lipschitz L = 1/2(2n% + 2n + 1) +
1Q]]-
Ta da chi ra Si(k > 1) 1a 4nh xa O—ntta co. Tap diém bat dong chung
Q cua {Sk} duge tinh béi
Q= {(21,0,0,0,0)" : 21 € R}.

Gia st rang day {2*} C R® théa man klim 1Sk (2%) — 2*|| = 0. Khi do,
—00

L S R T S T !
O,§x2,:c3—smx3,x4—sm Ty, —Ts =0,

4

0= lim ||Sk(z")—2F| = lim ‘
k—o00 k—o0

va do dé klim z¥ = 0 véi moi i = 2,3,4,5. Nhu vay, diéu kien (Z) thoa
—00
man.
Thit nghiém 1. Trong thit nay, cac ma tran A, B, D va vecto q dugc

chon nhu sau:

(5 —13 1 —5) [0 1 -2 3 —4)
1 210 2 -1 3 2 0 2
A=|2 1 3 -4 9|,B=|2 -2 1 1 3],
-3 1 3 1 2 -3 0 -11 0
\6 0 1 -1 7) \4 -2 3 0 2



(10 0 0 0 0) (0)
0 4000 3
D=[00700]|,9=]5
00050 9
\0 000 8 \8/

Khi d6,

Q| ~ 201.6495, 7 = [|Q|| + 10 ~ 211.6495, 5 = 9,

L=+/22n+2n+1) + Q] ~ 625.9497.

Céac tham s6 trong thuat toan dugce xac dinh nhu sau: A\, = % € (%, i—é),
10 —1 —1 0.1+ L I5; 0.5+ L VE >0
= 2k = g TR T e k+10 " 2k+1?’ )—
3.15

Ta thay, véi cac dit licu tham s6 & trén, dicu kien (3.1) théa man. Day 2*
dudc goi 1a e—nghiém ctia bai toan khi || — 2871 < e. Két qua tinh toan
s6 ctia Thuat toan 3.1 dugce cho trong Hinh 3.1 va Bang 3.1 v6i nghiém
xap xi thu duge 1a 2™ = (1.5616,0.0111,0.0074, 0.0034, —0.0000) .

The value of xk{i)

) 10 20 30 40 50 60 70 BO
lteration k

Hinh 3.1: Thuat toan 3.1 v6i 20 = (1.5,2.7,0.1,5.3,1.9) T, 2! = (—1,-2,-5,-7,9) va sai s6 ¢ = 103,
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Case ur Yk Tk oy Ak B No. Iter. CPU times
110 e 010+ 2 05+ 5k +10 78 0.0469
2 20 25 =i 019+ X 06+ 75 0.1563
3020 2 e 019+ ﬁ? LY 06+ ks T4 0.0313
4020 i omEm 019+ 5k 2 06+ 15 0.0625
50140 s i 01+ Y2019+ ks 77 0.0469
6 140 i seim 01+ P 09+ g 75 0.0313
7100 s ms 001+ B2 079+ ﬁ 72 0.0311
8 10 s mEm 00+ B 019+ 5ty 72 0.0311
9 15 s w00+ B 024 5ty 72 0.0313
10 200 =i R 02+ e A 05+ % 76 0.0315

Bang 3.1: Test 1 v6i cac tham s6 khac nhau, sai s6 € = 1073,

Case Start. point z° Start. point x! No. Iter. CPU times
1 (1,3,5,7,97 (0,1, ~1,2 3) 78 0.1563
2 (=1,2,-3,4,-5)T (0, — ,—=3)7 77 0.0313
3 (0 2,0,4,0)7 (1,1 1,1, 1) 79 0.0156
4 (2,4,6,8,10)7 (3,5,7,9,11)T 74 0.0469
5 (1,2,05,3,0)7 (1,2,0.5,3,0)" 78 0.0469
6  (1.2,2.2,3.3,44,55)7 (-2.1,3.2,-4.3,54,-6.5)T 73 0.0156
7 (1,2,05,3,0)7 (—10,2,-3,4,-5)" 81 0.0313
8 (10,20,30,40,50)" (—10,2,-3,4,-5)T 78 0.0051
9 (10,20,30,40,50)" (0,0,0,0,0)" 111 0.0469
10 (1.5,2.7,0.1,5.3,1.9) 7 (=1,-2,-5,-7,9)T 77 0.0481

Béang 3.2: Test 1 v6i cac diém khéi tao 2¥, 2! khac nhau, véi bo tham sb g, Vi, T, 0k, Ak, Si cho trude

(3.15).
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Iter. CPU times
Case | PPA PSA Algl| PPA PSA Alg.1
1 110 24 94 0.0469 0.0156  0.0313
2 111 937 95 0.0337  0.1250  0.0469
3 114 40 90 0.0483 0.0156  0.0155
4 108 30 93 0.0469 0.0313  0.1032
5 117 281 96 0.0905 0.0938  0.0200
6 96 44 101 | 0.0532 0.0441 0.1830
7 120 30 95 0.0716 0.0074  0.0171
8 114 159 97 | 0.0550 0.0663 0.0104
9 101 81 96 0.0712 0.0860  0.0339
10 119 28 93 0.0622 0.0052 0.03301

Bang 3.3: Két qua so sanh cho thit 2 v6i e = 1073,

Thit nghiém 2. Ta sé so sanh Thuat toan 3.1 (Alg.1) v6i cac Thuat
toan PPA, PSA. Diéu kién diing clia cac thugt toan 1a ||z — 2F|| < e
Cac ma tran dau vao A, B, D dudc sinh ngau nhién béi cac cau lenh
A =2x5xrand(5,5) — 5; B = skewdec(5,1); D = diag(1 : 5). Két qua so
sanh dugc ghi trong Bang 3.3 véi ¢ = (3,7,9,10,—17)". Céc dit lieu dau

vao cua cac thuat toan chon nhu sau:

(i) PPA: ag; :=0.01 + 455 véimoi i = 1,2,... .k € N, g, = 0,
Y = 7 diem khéi tao 2 = (0.25,0.35,0.0,0.1,0.3) T

(ii) PSA: p =2 € (0,%) = 0.0016, oy, == 0.1 + X,
n =50+ [|Q| = 104.8319, B; = 1 [1 — (1 = /1= 2uB + 212
diém khéi tao 2° = (0.25,0.35;0,0.1,0.3) .

(iii) Alg.1: S& dung cac dit licu nhu (3.15). Diém khdéi tao 2° va x! chon
nhu trong Hinh 3.1.

Tat cad cac tinh toan dugc thuce hién tren MATLAB R2016a, PC with
Intel® Core™ i7-7800X CPU @ 3.50 GHz 32 GB Ram. Tt cac két qua
tinh toan cta Thuat toan dudi dao ham lai ghép quan tinh Alg.1, Thuat
toan chiéu song song PPA va Thuat toan dudi dao ham song song PSA
& bang trén, ta c6 thé thay
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e T6c do hoi tu ctia Thuat toan 3.1 1a tuong doéi tot va phu thudce vao
bo tham 6 {sur}, {v}, {7}, { e}y {Be}s

e Trén khong gian R, thoi gian tinh toan va sé phép lip ctia thuat toan

dé xuat it hon so v6i cac Thuat toan PPA va PSA.

3.2 Nguyén ly bai toan phu quan tinh song song
3.2.1 Thuat toan va dinh ly héi tu
Gia sit cac gid thiét sau dugc théa man:

(Aq) Anh xa f:HxH — R la f—gia don diéu manh va lién tuc Lipschitz

v6i cac hang sd duong ¢y, co théa man 3 > c;.

(A2) V6i moi i € I, cac anh xa S; : H — H 1a §;—nita co va nita déng tai
khong. Ky hiéu Q := N Fiz(S;).

Bo tham s6 diéu khién duge chon théa mén cac diéu kién:

(
re(Of—c) M} clad c O, X+ S + Sl > 0,

Cr € (0,%), > (= +oo, 1, >0, > 7 < 00,
k=1 k=1

ik > 0,7k € (b,0) € (0,1 —max{B; :i € I}), Viel

i, N

(3.16)
Khi do6, thuat toan nguyén ly bai todn phu quéan tinh song song (PIAPA)
duge dé xuat dudi dang sau.
Thuat toan 3.2. Chon cdc diém khdi tao 2°, ' € H.
Budc 1. Cho trude day lap ' va 2¥. Tinh

wh = 2 + ap (2 — 2, (3.17)

min {Waﬂk} 3 khi ka - xk*lH 7é 07

M, nguoc lai.

A = (318)
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Budc 2. Lay
uf =(1-— yk,i)wk + %,Z-Si(wk).

Dt t* .= ul | vdiig € argmax{||uf — w*|| : i € I}.

20’
Budc 3. Tinh
1
y* = argmin {)\kf(tk,x) + §Hx —t"*:x € Q} :
g = (1 — Ck)tk + Ckyk
Cho k :=k + 1, quay tro lai Budc 1.

Cha ¥ riang, trong thuat toan tren, w* duge tinh bang ki thuat lap quan
tinh, t* dugc tinh theo nghia song song. St dung nguyeén li bai toan phu dé
xay dung day lap ¢*. Day diém lip 2! duge tinh toan dua trén phuong
phap lap Mann. Diem z* sinh béi Thuat toan 3.2 1a mot e—nghiém cta
bai todn FEP(Q, f) néu ||2* ™ — 2%| <e.

Dé chiing minh sy hdi tu ctia day lip sinh béi Thuat toan 3.2, ta nhic

lai b6 dé vé su hoi tu ctia day so thuec.

Bo dé 3.2. [80, Lemma 2.5] Cho ddy s6 duong {a} va ddy s6 thuce {pi}.
Goi {ay} la day so thuc trong dogn (0,1) théa man . ap = +oo. Gid si
k=1

ap1 < (1 —ag)ap +by, k=1,2,---.

Khi dé, néu limsup 2 < 0 hodc i b < +o00, thi lim a; = 0.
koo O k=1 k=00

Dinh 1y 3.2. Gid st cdic gid thiét (A1) va (Az) duge théa man. Vi dieu

kién (3.16), day {z*} sinh bdi Thuat todn 3.2 hoi tu manh tdi nghiém duy

nhat x* cia bai toan FEP (S, f).

Chatng minh. Goi o* 1a nghiém ctia bai toan FEP(S, f). Do y* 14 nghiem

duy nhat ctia bai toan 16i
1
y* = argmin {)\kf(tk,a:) + EHZE = Q} :

ta co
0 € MDaf (%, %) + % — t* + Na(yb).
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Diéu nay c6 nghia 1a
th —of — A\pof € No(yh),

v6i vF € Do f (t*, y¥). St dung dinh nghia nén phap tuyén ngoai Ng clia tap

), v6i vecto x* € Q) ta ¢o
tF —yf o — P < N (08 2 — b, (3.19)
Mit khéc, tit vF € Oy f (¢*, y*) dan dén
ALF(ER 2") = F(E5, )] = Mot 2 — o).
Két hop diéu nay va (3.19), ta thu duge
(1 =y 2" — ) < MU ) — £ 5] (3.20)

Do A\, > 0 va f lién tuc kiéu Lipschitz vé6i cac hang s6 ¢; > 0, ¢ > 0, ta

P

CO

M[F (5, 2%) = F(5, 0] < M f(y 2%) + Merlly® = 2712 + e [tF = o).
(3.21)
Theo dinh nghia ctia z*, y* € Q, ta c6 f(x*,4*) > 0. St dung gia thiét gia

don diéu manh cua f, suy ra
Mef (', at) < =MBlly* — at|)?.
Két hop gitta bat dang thiic cudi, (3.20), (3.21), ta xac dinh dugc
(AR o G L O A

S 2%) + Mrarlly” — 2P 4+ Ao ||t — o1
<= MBIy — 2P+ My — 271 + Areal It — F[

Chd ¥ ring déng thic dau duge suy ra tit mbi quan hé
1
(a,b) = §(Ha\|2 +[b)1* = lla = bl]*)  Va,beH.
Do do

(14208 — 22k |yF — 2|2 < [[t% — 2*|1> = (1 = 2\e0) l0F — 5] (3.22)
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Tu dieu kién (3.16), ta thay

A 4(5—01) ﬁ—cl—T
0,8— A 0,1 )\ A > ()
’7'6( ,6 01)7 { k}C[CL,CL]C( ) )7 972 (6_61) k+7-2(/8_cl)_ ’
dan dén
1
0 < (1—17M)%
< 14+ 2X\.8 — 21 <(d=7h)
Stt dung (3.22), ta co
1 —2)\c
F ¥ 12 < (1 — 700210 — 24112 — k2 F_ k12, (3.23
I8 = < (L= PA?E = 0" = ey — . (323)
Mat khéc, ti (3.17) va (3.18), ta ¢
lw* — || =[la" — ap(z" — ") — =
<|z* — zf| + aglla” — 2
<||lz" —z| +7 VzeH. (3.24)

V6i mbi T € Q, tit Budc 2 va Bo dé 2.4, ta ¢c6 danh gia
1t — z|* ={lu, - z]*
—H — Vhig)JW +%zoszo(wk)_f’7H2
<Jlw® = 21 = Yrio (1 = Yrip — Bio) |1 Sip (") = w*[*. (3.25)
Két hop Bude 3, (3.23), (3.24) va (3.25), ta xac dinh duge
|2" T — 2¥|| = H (1—G)th + Gy — a:*H
L= Gllt" = 2" + Gilly* — 27|

<(1 = Gllt* — 2| + G (1 — ) [[£F — 27|
=(1 — 7(p A\ ”tk — LL‘*”
< Jw® — 2|

IN

L= 7GAe)(|2* = 2" +7)

A

)
)
)
)

1 — 7 ka — || + 7

<(
(
(
(1 — 7k
(
(
(

IN

1— TC_LCk)ka — x*H + Tk

Ap dung B6 dé 3.2 cho ay, := 2% — 2*]]2, ap = Taly, by := 73, va didu kién
(3.16), ta nhan dugc klim |z* — 2*||2 = 0.
—00



82

3.2.2 Mot sb tinh toan

Trong muc tng dung nay, ching to6i sé thyc hiéen mot s6 tinh toan so.
Thuat toan (PIAPA) dé xuat sé duge so sanh véi Thuat toan chiéu song
song (PPA) ( [CT1], Lugc dd 3.1) va Thuat toan kiéu dudi gradient (ST A)
ctia liduka H. [46, Algorithm 3.2] v6i T := S,S,,_1 - - - S251.

Vi du 3.3. Ta s dung ham can bang f : R™ x R™ — R. Song ham nay
dugc gidi thiéu trong [70], sau dé la [9, 12], c6 dang

fley) = (F(2) + Qy +q.y — ), (3.26)
vdi A la ma tran m x m, B la m X m ma tran phan xing, D la tran duong
chéo m xm, Q = AAT + B+ D wva q la vecto trong R™, € > 1+Q||. Anh
ra F duoc xac dinh nhu sau

F(z) = (Exy+E&xotsin(ar), —Exr +Exa+sin(za), (E—D)ag, -+, (E—1)zn) '

Chatng minh tuong ty nhw Bo dé [70, Lemma 6.1, tdc gid Anh trong [9]

da chi ra rang

o Néu &> 1+ Q| thy f la don diéu manh vdi hé s6 B =& —1—|Q|;

o Anh za F la L—lién tuc Lipschitz, vdi L = \/2(2£2 +2€ + 1);

o f lién tuc kiéu Lipschitz vdi cic hing 6 c1, cs théa man
2,/c1c2 > L+ Q||

Tiép theo, ta xét tap rang buoc C, cdc dnh za Si, Sy, Sy dude zdy dung nhu

sau.
D:{xERm:ng,eTxgg},eERm,gGR,
Si(z) =2 VreR",
Sy(z) = Pre(z),C = DN {x = (z1,29, - ) €ER™ oy < 3},
S3(x) = Prp(z). (3.27)

Khi do, Q = NierFix(S;). vdi moii € I = {1,2,3}, anh za S; : R™ — Q
la khong gian.
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Thit nghiém 1. Xét Thuat toan (PIAPA) trong R®. C4dc ma tran

A, B, D, cac vecto ¢, e va s6 thuc g duge chon ngau nhién nhu sau:

0 1 05 2 1 15 -1 05 0 0
1 1 —050 -2 1 3 —125 —1 0
A=1-0505 08 5 1|.,B=|-05125 5 0 —4|,
3 4 -5 4 0o -1 0 7 0
| 6 05 8 2 9] 0 0 4 0 2]

5 0 00 0] [ 2 ] [ 3]

0 -300 0 3 -5
D=10 0 70 0/|,9=|-4|.,e=110|,9=15

00 09 0 8 3

0 0 00 —2 22 | |7

Ta dé dang tinh dugc

eig(Q) = {197.5373, 135.0908, 30.3720, 7.4079, 3.9820}, ||Q|| = 197.7064,
vi thé

L:=max{t:t € eig(Q)} =197.5373 and B := min{t : t € eig(Q)} = 3.9820.

Lay &€ = 250, ¢; = 50. Tt 2\/cie2 > L+ [|Q|], 8 =& —1—||Q||, dan dén

(L+[QID)?

B =51.2936, cy >
461

= 781.0879.

Cac tham s6 théa man dieu kien (3.16) duge chon nhu sau:

7 =0.001 € (0, — c1) = (0,1.2936),a = 0.001, & = 0.8668,

Ap = 0.01 + € (0,0.4997),

10k+9

Gk = 5k+1 e (0, Tla) - 10k+1 > 0,7, = 20k2+7’b = 0.001,b = 0.9882,

| Tk = 0.01+ 30k:+100’

voi = G- b= 5T and —a—vf—% = 0.4997. Két qué tih toan
v6i diém khéi tao 2° = (1,2,0,0,1) ", 2! = (1,2,1,3,0)" v sai s6 € = 1073

dugc cho trong Hinh 3.2 va Bang 3.4.
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0.35 T T T T
03 —*—xK1)| |
——x2)
0.25 *@3)|
% —*—x4)
\-6 02 r Xk(5) n
g
5 0.15
>
2 o01f 1
|_
0.05 1
0
-0.05 L
50

Iter.(k)

Hinh 3.2: Sy hoi tu ctia day {z*} trong thuat todn (PIAPA) v6i didu kién ditng [|z*+1 —2F| < e = 1073.
Nghiem xép xi 2°! = (0.0000,0.1593, 0.0133,0.0032, 0.0000) T

Test T m Vii Ak Cr Iter.  Times
1 m 1 0.01 + m 0.01 + ﬁ ﬁ 51 6.8750
9 m 1+ ﬁ 0.001 + m 0.02 + %—W %4-5 246  8.1719
3 m 1+ ﬁ 0.001 + m 0.01 + ﬁ ﬁ 230  9.9531
4 (1001i+7)2 1+ ﬁ 0.001 + m 0.01+ ﬁ ﬁ 152 56563
5 ﬁ 1+ ﬁ 0.0001 + m 0.01 + ﬁ ﬁ 19 0.6719
6 s ltogr 0001+ gty 0.05+ o5 mhy 64 2.5938
7 ﬁm 1+ ﬁ 0.001 + m 0.05 + ﬁ ﬁ% 203  6.0781
§ ko S84y 00014 bt 005+ ks Ao 201 6.0156
9 oy St e 0001+ goigs 0.2+ ot s 399 117031
10 10k712+6 24 ﬁ 0.0005 + m 0.02 + 10++21 ﬁ 236 7.0625

Béng 3.4: Phép lap (Iter.) va CPU times (Times) v6i bo tham s6 khac nhau.
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Thit nghiém 2. So sanh Thuat toan (PIAPA) véi hai Thuat toan:
(PPA) va (STA). Cho e = (3,-5,10,3,7)", g = 15, cdc ma tran B, D, E
va vecto ¢ duge sinh ngau nhién béi cac cau lenh A = 3 x rand(5,5); B =
skewdec(5,1); D = 3 * diag(1 : 5); ¢ = rand(5,1) trong MATLAB. Dic¢u
kien ding ctia cac thuat toan 1a [|z¥*! — 2¥|| < e = 1073. Cac dit licu khac

dudgce cho nhu sau:

(a) Thuat toan (PTAPA): Diém khéi tao 2° = (1,2,0,0,1)7, 2! = (1,2,1,3,0) T,
1
Tk = Gorro Mk = 0- 145505 20k+1’ Vki = 0.0001+ 100k+9’ Ak = 0.02+ 557 10k:+21
5 1

va Gk = 15575

(b) (PPA): ag; :=0.001 + =255 voi moi i € I, e, = 0,7 = 0,7 = 745,
v6i moi k € N, diém khéi tao 2" = (1,2,0,0,1)".

(c) (STA): p = 1.65% e (0, i—@) voi f = min{m :m € eig(Q)} va
L = max{k : k € eig(Q)}. Tham s6 \; := (k=1,2,...) thoa

méan cac dieu kién

\/3k+

lim A\, = O,Z/\k = 400, lim M =0.
k—00 1 k—o00 /\k:+1
Diém khdi tao: 2° = (1,2,0,0,1)".
Két qua tinh toan dudc thé hien ¢ Bang 3.5.
No. Iter. CPU times
Tests | (PPA) (STA) (PIAPA) | (PPA)  (STA) (PIAPA)
1 153 6093 157 10.5601  297.0412  4.6406
2 253 1105 1158 225024 116.8923  32.5781
3 96 3205 1497 7.9941 105.9602 42.1406
4 184 9402 941 12.6981  326.8830 13.0551
5 1104 4057 138 210.4831 130.8024  7.0884
6 8302 3592 297 170.5241  90.8540 7.5015
7 130 2905 94 11.0938  143.9054 1.4431
8 342 6605 164 54.0051  373.7548  6.5201
9 361 403 43 80.5629  294.8840  0.9662
10 126 3055 702 10.0741  109.0413 15.7724

Bang 3.5: Két qua so sanh.
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Test Tk W Yii Ak Ck Iter. Times
1 o 1 001+ 5505 001+ 55 =y 51 6.8750
2 G ltamm 0001+ s 0024 gl i 2460 81719
3 @ ltaopm 00014 ggpgs 0014 g mm 2300 9.9531
4 wmrr ltopm 00014 gpegs 001+ g sem 182 5.6563
5 o ltamm 00000+ morms 001+ s s 19 06719
6 s+ 0001+ gy 005+ s sy 64 2.5938
T s It 0001+ gage 005+ s mees 203 6.0781
8 s S+ 0001+ symes 005+ se s 201 6.0156
9 o St e 0001+ sorms 002+ st s 399 11,7031

—
s}

1 1 1 1 1
10k2+6 2+ 20k+1 0.0005 + 30k4100 0.02 + 10k+21 15k+6 236 7.0625

Béang 3.6: S6 phép lap (Iter.) va thoi gian tinh toan (Times) v6i cac tham s6 khac nhau.

Két luan Chuong 3

Trong chuong nay, chiing toi dé xuat hai thuat toan mdi c6 st dung
k¥ thuat lap quan tinh dé giai bai toan can bang trén tap diem béat dong.
Trong thuat toan dau tién, k¥ thuat lip quan tinh duge diing dé xac dinh
Wk, tit d6 st dung k¥ thuat dusi dao ham tinh duge y* € do f (W, w*).

Thuat toan thi hai tiép tuc st dung k¥ thuat lip quan tinh xac dinh w*
& Budc 1 , sau d6 tinh u¥ & Bude 2 qua k§ thuat chiéu song song. Nguyén
I bai toan phu va phép lip Mann ducgce st dung & Bude 8 khi tinh day lap
xk—f—l_
Su hoi tu manh ctia cac day lap tao bdi hai thuat toan duge chitng minh
trong cac Dinh 1y 3.1 va Dinh 1y 3.2. Ap dung thuat toan da dé xuét cho
cac Vi du tinh toan 3.1 - 3.3.
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KET LUAN

1. Két qua dat dudc

Luan an nghién citu dé xuat mot s6 phuong phap mdi gidi bai toan
can bang trén tap diém bat dong ctia cac anh xa nita co trong mot khong
gian Hilbert thuc H va dat dugc mot s6 két qua chinh sau day:

(i) Dé xuat hai thuat todn mdi gidi bai toan can bang trén tap diém bat
dong clia cic anh xa nita co: Phuong phap chiéu song song va phuong
phap dudi dao ham song song. Sy hoi tu manh ctia cac thuat toan
duge chiing minh trong cac Dinh 1y 2.1 va Dinh 1y 2.2 dudi gia thiét
song ham f 1a don diéu manh va c6 tap dudi vi phan xap xi Ia lien

tuc Lipschitz trén tap C. Két qua nay duge cong bo trong [CT1].

(i) Dé xuat thuat toan Dudi dao ham lai ghép quan tinh giai bai toan
can bang trén tap rang budc la giao clia cac tap diém bat dong cla
cac anh xa ntta co (théa man dieu kién (Z)): Duéi gia thiét don dieu
manh va lién tuc kiéu Lipschitz ctia song ham f, cac day lap sinh béi
thuat toan hoi tu manh t6i mot nghiém duy nhat ctia bai toan. Két

qué nay duge cong bo trong bai bao [CT2].

(iii) Dé xuat thuat toan Phuong phap nguyén ly bai toan phu quan tinh
song song giai bai toan can bang trén tap diém bat dong: Duéi gia
thiét gid don dieu manh va lién tuc kiéu Lipschitz ciia song ham f,
cac day lap sinh bdi thuat toan hoi tu manh dén nghiém duy nhat cta
bai toan. Két qua nay duge cong bo trong bai bao [CT3].

(iv) Nghién cttu mién rang budc md rong clia bai toan can bang, luan an
dé xuat Phuong phap chiéu dudi dao ham tang cuong mdéi dé giai bai

toan can bang trén giao ctia tap diem bat dong va tap nghiem ctia mot
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bai toan can bing khac. Y tudng ciia phuong phap dé xuat duge dua
trén y tudng cua phuong phap dao ham tang cuong giai bai toan can
bang, k§ thuat lap diém bat dong va ki thuat chiéu song song. Su hoi
tu manh ctia céc day liap dude chi ra. Két qua nay dude cong bo trong
bai bao [C'T4].

(v) Cac tinh toan s6 trong khong gian vo han va hitu han chiéu dugc thuc
hién dé minh hoa cho cac buéc tinh toan trong cac thuat toan dé xuat
va su hoi tu clia cac day lap trén phan mém MATLAB. Mai thuat toan
dé xuat déu dude so sanh v6i mot s6 thuat toan thong dung khac. Céc

tinh toan dugdc chi ra trong cac bai bao da xuat ban.

2. Mot s6 huéng nghién citu tiép theo
Bén canh nhitng két qua da dat dugce trong luan an, ching toi sé tiép
tuc nghién cttu theo cac huéng mdé sau:
e Danh gia sai s6 va toc do hoi tu ciia cac day lap {z*} va {y*} trong
cac thuat toan dé xuat;
° Ap dung cac thuat toan da dugc nghién citu cho mot s6 mo hinh thuc
tién;

e Tinh toan do phtc tap clia cac thuat toan dé xuat.
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